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Abstract: 

In the database model of block form, from the results of the research on derived formulas, this article shows 

how to construct the derived conjunction to receive Tr as the truth block, the main results of this research has 

demonstrated the necessary and sufficient conditions for a logical formula to be expressed in terms of the 

derived equations. From these results, this article continues to propose the concepts of Tr value block, closed 

value block with multiplication & T*, and propose algorithm to make closed value block in database model 

of block form, the results of this algorithm have found that the smallest truth block T* contains the smallest 

truth block satisfying: T* contains the element e unit and the z zero element and closes with the & operator. 

In special cases when the index set consists of 1 element, the volume degenerates into a relationship, this 

result coincides with the results researched by the authors in the relational database model. 

 

Key words: Derived conjunction and algorithm to close value block in the database model of block form, 

block. 

 

1. Introduction 

The derivied formula in the form of X  Y, where X and Y are logical conjunctions of finite variables, they 

keep a key role in the derivied motor of expert systems, in expressing data constraints of databases as well as 

algorithms that extract rules from the data warehourse. In the class of positive boolean dependencies, 

derivied formula are class of function dependencies proposed by Codd in 1970 [2], from which to apply 

mathematical concepts, logical formulas that have been formalized under Conjunction form of derivied 

formula. In the database model of block form, multivalue dependencies, general positive boolean 

dependencies have been researched, these results keep an important role in the design database of the block 

form. However, the research of derivied formula and conjunction have not been researched. Therefore, the 

objective of the article is to propose the concepts of derivied formula, derivied conjunctions, derivied 

construction algorithm from a given truth block, and algorithm to close value block.  

 

2. The database model of block form 

2.1  The block, slide of the block 

Definition 2.1 ([1]) 

Let  R = (id; A1, A2,..., An) be a finite set of elements, where id is non-empty finite index set, Ai(i=1..n) is  the 

attribute. Each attribute Ai(i=1..n) there is a corresponding value domain dom(Ai). A block r on R, denoting  

r(R) consists of a finite number of elements that each element is a family of mapping from the index set id to 

the value domain of the attribute Ai(i=1..n).  

t r(R) t = { t
i
 : id   dom(Ai)}i=1..n . 

The block denotes r(R) or r(id; A1, A2,..., An), sometimes without fear of confusion it simply denotes r. 

Definition 2.2([1]) 

Let R = (id; A1, A2,..., An), r(R) is a block on R. For each x id,  r(Rx) denotes is a block with 

Rx = ({x}; A1, A2,..., An), such is: 

tx r(Rx)  tx = {t
i
x = t

i 
}i=1..n  ,   t r(R), t = { t

i
 : id  dom(Ai)}i=1..n  ,                                                           
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                                                   x 

Then  r(Rx) is called a slice of block r(R) at point x. 

2.2  Functional dependencies 

Here for simplicity, The follwing notation is used: 

x
(i)

 = (x; Ai ) ;  id
(i)

 = {x
(i)

 | x  id}. 

 x
(i)

(x  id, i = 1..n) is called an index attribute of the block R = (id; A1,A2,...,An ). 

Definition 2.3 ([1]) 

Let R = (id; A1,A2,...,An ),  r(R) is a block over  R,
( )

1

,
n

i

i

X Y id


  ,  X  Y is a notation of function 

dependency. A block r satisfies X  Y  if:t1, t2 r such is t1(X) = t2(X)  then  t1(Y) = t2(Y). 

Definition 2.4 ([3]) 

Let block scheme = (R,F), R = (id; A1, A2,..., An), F is the set of functional dependencies on R. 

Then, the closure of F denoting F
+
 is defined as follows: 

F
+
 = { X  Y | F    X  Y }. 

 If  X = {x
(m)

} id
(m)

 ,  Y = {y
(k)

} id
(k)

 then functional dependency X  Y denotes simply  x
(m) y

(k)
.   

The block r satisfies x
(m)  y

(k)
 if for any  t1, t2 r  such is  t1(x

(m)
) = t2(x

(m)
)  then  t1(y

(k)
) = t2(y

(k)
). 

Where:   t1(x
(m)

) = t1(x; Am),  t2(x
(m)

) = t2(x; Am), 

                            t1(y
(k)

) =  t1(y; Ak ),  t2(y
(k)

) = t2(y; Ak ). 

Let Let R = (id; A1,A2,...,An ), subsets of functional dependency on R denote: 

 ( ) ( )| , , , 1,2,..,i j

h

i A j B

F X Y X x Y x A B n and x id
 

  
      
  

 

( )

1

( )

1

| ,
|

n
i

i

n
i

hx h h
x i

F F X Y F X Y x





 
     

 
 

Definition 2.5 ([3]) 

Let block scheme =(R,Fh), R=(id; A1, A2,..., An), then Fh is called complete set of functionals 

dependenceis if Fhx is the same for all x  id. 

A more specific way: 

Fhxis called the same for all x  id, i.e: , : hxx y id M N F    ' ' hyM N F   with  M’, N’, 

respectively formed from M,N by replacing x by y. 

 

2.3  Closure of the index sets attributes: 
Definition 2.6 ([1]) 

Let block scheme =(R,F), R=(id; A1, A2,..., An ), F is a set of functional dependencies on R. 

For each
( )

1

n
i

i

X id


 , Closure of X for F denoting X
+
 as follows: 

 ( ) ( ), , 1.. | .i iX x x id i n X x F       

The set of all subsets of 
( )

1

n
i

i

id


denotes a
( )

1

n
i

i

Subset id


 
 
 

.  

3. Boolean formulas 

3.1. Boolean formula 

Definition 3.1 ([2])  

Let U = {x1, x2, . . . , xn} be a finite set of Boolean variables, B is Boolean value set, B = {0, 1}. Then 

the Boolean formulas, also known as logic formulas are constructed as follows: 

(i) Each value 0/1 in B is a Boolean formula. 

 (ii) Each variable taking the value of U is a Boolean formula. 

 (iii) If a is a Boolean formula, then (a) is a Boolean formula. 

 (iv) If a and b are the Boolean formulas, then a ∧b, ¬a and a → b is a Boolean formula. 

 (v) Only the formula created by the rules from (i) - (iv) is Boolean formula. 

L(U) denotes the set of Boolean formulas built on a set of variables U . 
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Definition 3.2 ([2])  

Each vector of the elements 0/1, v = {v1, v2, . . . , vn} in the space B
n
= B × B × . . . × B is called a 

value assignment. Thus, with each Boolean formula f ∈L(U ), it yields f (v) = f (v1, v2, . . . , vn) as the value of 

the formula f for value assignment v. 

In case of confusion, it is understood that the symbols X performances are for the following subjects: 

 - A set of the attributes in U . 

 - A set of the logical variables in U . 

 - A Boolean formula is a logical conjunction of the variables in X. 

On the other hand, if X = {B1, B2, . . . , Bm} ⊆U , it denotes: 

X = B1 B2 ...  Bm and called the opportunity form. 

 X = B1 B2 ...  Bm and called the recruitment form. The formula f : Z → V is called as: 

  - Derived formula if Z and V have the opportunity form, i.e. f : ∧Z → ∧V .  

  - Strong derived formula if Z have the recruitment form and V have the opportunity form: 

f : ∨Z → ∧V. 

  - Weak derived formula if Z have the opportunity form and V have the recruitment form: 

f : ∧Z → ∨V. 

  - Duality derived formula if Z and V have the recruitment form: 

f : ∨Z → ∨V. 

For every finite set of Boolean formula F  = {f1, f2, . . . , fm}  in L(U ), F  is seen as a formula 

F  = f1∧f2∧. . . ∧fm. Then it results in: 

F (v) = f1(v) ∧f2(v) ∧. . . ∧fm(v). 

3.2. Value table and truth table 

For each formula f on U , the value table of f , denoting Vfcontains n + 1 column, with n the first 

column contains the values of the variables in U , and the last column contains the value of f for each value 

assignment of the respective line. Thus, the value table contains 2
n
line, n is the number of elements of U . 

Definition 3.3 ([2])  

Truth table of f , denoting Tfis the set of value assignment v such that f (v) takes the value 1: 

Tf  ={v ∈B
n
|f (v) = 1} 

Also, truth table TFof a finite set of formulas F on U , is the intersection of the truth table of each 

member formulas in F . 

F f

f F

T T


  

Yields: v ∈TFif and only if ∀f  ∈F  : f (v) = 1. 

3.3. Logic derived 

Definition 3.4 ([2])  

Let f , g be two Boolean formulas, said formula g derives from formula f logic, and symbols f ╞g if 

Tf⊆Tg. It is to say that f is equivalent to g  and notation  f ≡ g if Tf = Tg. 

With F and G in L(U ), said G logic derives from f , denoting that F ╞G if TF⊆TG. 

Furthermore, it is to say F and G are equivalent, denoting F ≡ G if TF= TG. 

3.4. Positive Boolean formula 

Definition 3.5 ([2])  

The formula f ∈L(U) is called positive Boolean formulas if f (e) = 1 with e = (1, 1, ..., 1), and the set 

of all positive Boolean formulas over U denoting P (U). 

4. Research results 

4.1. Derived formula in a block scheme 

Definition 4.1.  

Let  1 2; , ,..., nR id A A A , the derived formula on the block scheme is a formula with the form 

( )

1

: ; ,
n

i

i

f X Y X Y id


  , where X, Y are the conjunctions of the index attributes contained in it. 

Comment: 

  - Let X be an conjunction of logical variables, for each value assignment 

: ( ) 1n mv B X v  IFF ( )Set v X . 
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 - Assuming :f X Y  is a derived formula on ( )

1

n
i

i

id


, then with each value assignment 
n mv B   

then: 

( ) 1f v   IFF ( ( ) ) ( ( ) ).Set v X Set v Y    

 Let F be a set of derived formulas,  1 2,  , ,  nF f f f  , F is considered to be a logical conjunction of 

component derived formulas 1 2 .... nF f f f      and F is called derived conjunction 

Definition 4.2 

 Let  1 2; , ,... nR id A A A , V is a set of value assigments on  ( )

1

n
i

i

id


. Assuming , ,u v V  the 

multiplication operation of  u and v, denoted &u v , which is determined as follows: 

If    (1) (2) ( ) (1) (2) ( ), ,... , , ,...n n

x x x x x xx id x id
u u u u v v v v

 
   then  (1) 1 (2) 2 ( )& , ,... n n

x x x x x x x id
u v u v u v u v


     

The  product  of an empty set of elements in V is the unit value assignment (1,1,...,1)e  . 

4.2. Properties of the close set family and the truth block 

Definition 4.3 

 Let  1 2; , ,... nR id A A A , V is a set of value assigments on  ( )

1

n
i

i

id


. The set of V value assignments is 

closed  with multiplication & if V contains the product of every pair of elements in it, that is: 

, : & .u v V u v V           

 

4.3. Algorithm for constructing derived conjunctions 

Given a binary block T, the size of each element is n×m (m=|id|), containing e unit value assignments, z 

zero value assignments and closed with &. Then, the following XDF algorithm constructs the derived 

conjunction F on R = (id; A1, A2,..., An) taking T as the truth block. 

XDF algorithm 

Input: Binary block T  B
n×m

, containing e, z and closed with &. 

Output: Derived conjunction F on R, satisfying TF = T. 

Method 

F:= ; 

For each x id do  

 Fx:= ; 

For each u B
n
 \ Tx do 

X:= Set(u); 

( )

( ) \ ;
v T

Set v X

Y Set v X



   

Fx:=Fx { };X Y    

 endfor; 

  F:= F   Fx; 

Endfor; 

Return F 

End XDF 

To prove the correctness and complexity of the XDF algorithm, the following theorem is positive: 

Theorem 4.1 

Let a binary block  T  B 
n×m

, containing e, z and closed with &, XDF algorithm calculates the set of  

devire formulas F takes T as the truth block. 

 Prove: 

F is known as the set of derived formulas obtained through the XDF algorithm. To prove the 

correctness of the algorithm, we prove v T, F(v) = 1 và v  B
n×m

 \ T, F(v) = 0. 

Indeed, since T is a binary block containing e, z and is closed with &, in order to prove F(v) = 1 , we 

only need to prove  vx  Tx, Fx(vx) = 1, x  id, similar to the case F(v) = 0, we just need to prove:  

vx  B
n
 \ Tx, Fx(vx) = 0, x  id, Fx, vx is F and v respectively limited on the point slice x  id. 
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Assuming  vx  Tx , fx: Xx  Yx  Fx  và  Set(vx)  Xx, then according to the XDF algorithm it yields 

ux  B
n
\Tx so that Xx = Set(ux) and 

( )

( ) \

x x

x x x

v T
Set v X

Y Set v X




 . 

Because vx  Tx và Set(vx)  Xx then Set(vx)  Yx  fx(vx) = 1. 

Assuming vx  B
n
 \Tx, we need to show that in Fx exists fx such that: fx(vx) = 0.  

Considering fx: Xx  Yx  Fx is built from vx according to the XDF algorithm, it yields: Xx = Set(vx) 

and

( )

( ) \

x x

x x x

v T
Set v X

Y Set v X




 . From the expression defining Yx we see that Xx  and Yx do not intersect, 

otherwise Xx = Set(vx) infer fx(vx) = 0. 

h is called the row number of block T, k is the row number of block B
n×m

 \T. Then, the XDF 

algorithm constructs k derived formulas. To construct each formula,we must perform h operations of the 

two sets, h takes the intersection of the two sets and a  subtraction of the two sets. Each set of operations 

performed on n elements of the slice at x id require complexity n. Finally, to regroup into F we need m 

unionization. In summary, it yields the complexity of the XDF algorithm is O(hkmn). 

 

4.4. The truth block Tr of the block  

Definition 4.4  

Let  1 2; , ,... nR id A A A , r is a block on the block scheme R, ,u v r . In the case where the comparison of 

values between sets of the index attribute x
(i)

 is equality, x id , then the truth block Tr of r is calculated as 

follows: 

 ( , ) | ,r u vT u v r  , in which ( , )u v  is determined by the equation, namely if:  

(1) (2) ( )( . , . ,..., . )nu u x u x u x r  , (1) (2) ( )( . , . ,..., . )nv v x v x v x r   

and assuming ( , )u v t  ;  1 2, ,..., nt t t t then 1i
x

t   when ( ) ( ). .i iu x v x , x id , 1..i n  and 0i
x

t    

          x        

when ( ) ( ). .i iu x v x , x id , 1..i n . 

Example 1: 

Let  1 2 3 4{1,2,3}; , , ,R A A A A , r a block of 4 elements over R with the values assignments as in the 

following block, calculate the Tr block: 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

Applying the formula to calculate Tr block according to Definition 4.4, we obtain the truth block  

Tr = ({1,2,3}; A1, A2, A3, A4) with the following results: 

 

 

 

 

 

3 
  a  1  z 

  b  2   y 

 a  1   x 

  c  2   y 

    

b 

  2  y 

  b  2  y 

  

c 

 2  y 

  

a 

 1  z 

   

a 

  1  x 

A1 A2 A3 

2 

1    

c 

 2 

 1 

   

a 

  

1 

  z 

  a 

  y 

$ 

# 

 $ 

  & 

# 

$ 

 & 

 $ 

# 

 $ 

  & 

  $ 

A4 

  x 

u1 

u2 

u3 

u4 
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We find that, the product of the t (u1, u3) and t (u1, u4) elements in Tr has a non-Tr value on all xid slices.  

With xid = 1 it yields: (1,1,0,0) & (0,1,1,1) = (0,1,0,0) Tr 

With xid = 2 it yields: (0,1,1,1) & (1,1,0,0) = (0,1,0,0) Tr 

With xid = 3 it yields: (0,1,1,1) & (1,1,0,0) = (0,1,0,0) Tr 

Therefore, Tr block does not close with &. 

Definition 4.5 

Let  1 2; , ,... nR id A A A , r is a block on the block scheme R, ,u v r . In the case of id ={x}, the 

comparison of values between sets of the index attribute x
(i)

 is still the equation, the truth block Tr of r 

becomes the truth table Tr of the relation r.  

Example 2:  

Let r as in example 1, with id = {1}, then block r degenerates into a relation r as follows: 

r (A1,  A2,  A3,  A4)  

    a  1  x  # 

   b  2  y  $ 

   a  1  z  & 

   c  2  y  $ 

And then        Tr (A1,  A2,  A3,  A4) 

     1  1  1  1 

    0  0  0  0 

      1  1  0  0 

    0  1  1  1 

Comment: We see that, in general, block Tr does not close with multiplication &. 

 

4.5. Algorithm closing value block 0/1 

If block Tr on B
n×m

 does not close with &, Tr can be added with at least a number of elements to get block T* 

so that the block satisfies the following two properties (i)-(ii): 

(i) T* contains unit element e and z zero element. 

(ii) T* closes with &. 

The above process is called Tr block closure according to multiplication &. 

 

Algorithm: 

Algorithm Closed& 

Format: Closed(Tr) 

Input: Block Tr on B
n×m

,  1 2, ,...,r dT t t t  

Output:  Smallest block T* contains Tr and satisfies the properties 

(i) T* contains unit element e and z zero element. 

(ii) T* closes with &. 

Method 

T* := Tr; 

i:=0;  

while i < m do 

i:=i+1; 

for each x  id do 

3 
  1  1  0 

  0  0   0 

 1  1   1 

  1  1   1 

    

1 

  1  1 

  0  1  1 

  0  1  1 

  

0 

 0  0 

   

0 

  0  0 

A1 A2 

 

A3 

2 

1 

t= (u1, u1)  

t= (u1, u2) 

t= (u1, u3) 

 

   

0 

 1 

 1 

   

1 

  1   0 

  1 

  1 

1 

t= (u1, u4) 

 

0 

 1 

  0 

0 

1 

 0 

 0 

1 

 1 

  0 

  1 

A4 

  0 
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for j:=1 to i-1 do 

: & ;i jt t t   

If t not_in T* then  

m:=m+1; 

Add t to T* as element tm 

Endif; 

   endfor; 

   endfor; 

 endwhile; 

  *: * , ;T T e z    

 Return T* 

End Closed& 

Example 3: Let block r as in Example 1. Applying the algorithm closed block 0/1 as above, we get the t5 

element which is the product of t (u1, u3)  & t (u1, u4) elements. Then Block T* is obtained as follows:  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

From the above algorithm we have the following theorem: 

 

Theorem 4.2 

For each input of a block Tr in B
n×m

, the Closed &  algorithm adding at least one element to get the block T*  

which is a conjunctions lattice with multiplication &. 

Prove: 

Because multiplication & is had commutation properties, then table multiplication of every pair of elements 

crosses the main diagonal, so we only need to browse and fill in the lower half of the &. Specifically, 

consider the products of the & ;i j

x xt t elements with each variable i from 1 to m and j varying from 1 to i-1, 

where m is the number of elements present in T*. 

Comment:: 

According to the Closed & algorithm, the elements added to Tr table to obtain the block T* are the products 

of the elements in Tr. Therefore, they cannot be generators. We have the following consequences: 

Consequence IV.2 

If T* = Closed &(T) then T contains the genes of the conjunction T*. 

 

5. Conclusion 

3 

  1  1  0 

  0  0   0 

 1  1   1 

  1  1   1 

    

1 

  1  1 

  0  1  1 

  

0 

 1  1 

  

0 

 0  0 

   

0 

  0  0 

A1 A2 A3 

2 

1 

t (u1, u1)  

 

t (u1, u2)  

 

t (u1, u3)  

 

   

0 

 1 

 1 

   

1 

  1   0 

  1 

  1 

1 

t (u1, u4)  

 

0 

 1 

  0 

0 

1 

 0 

 0 

1 

 1 

  0 

  1 

A4 

  0 

   

0 

 1 

 1   0 

  0 0 

0 0 

  1 
  0   1 

  0   0 

t(u1,u3) & t(u1,u4) 
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Thus, with the results achieved, the paper has suggested the basic concepts of Tr value block, closed value 

block with multiplication & T
*
, propose algorithm to construct the derived conjunction to receive Tr as the 

truth block, the algorithm to close the value block in the block data model. From the closed block algorithm, 

we have stated and proved that the Closed & algorithm added at least one element to get the block T
*
 is a 

chance with multiplication &. The results of this algorithm have found that the truth block T
*
 contains the 

smallest Tr block satisfying the property: T* contains the unit element e and the z zero element and closes 

with the & operator. In special cases when the index set consists of 1 element, the volume degenerates into a 

relationship, this result coincides with the results researched by the authors in the relational data model. 
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