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Abstract:  

In this paper, we defined operations on Pythagorean fuzzy ideals and the Pythagorean fuzzy ideal of a 

Pythagorean fuzzy lattice is introduced. Certain characterizations of these are provided. The residuals of 

Pythagorean fuzzy ideals are defined, and it is demonstrated that these residuals also form Pythagorean 

fuzzy ideals. Furthermore, it is shown that they are the largest Pythagorean fuzzy ideal of P . 
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1. Introduction 

The concept of Pythagorean fuzzy sets was 

originally introduced by [7,8] and has found 

applications in various algebraic structures such as 

groups, rings, semigroups, and lattices, as 

explored by multiple authors. 

In paper [2] presented the notions of rough 

Pythagorean fuzzy ideals in semigroups and is 

extended to the lower and upper approximations 

of Pythagorean fuzzy left ideals, bi-ideals, interior 

ideals etc. 

In the paper [2], it is defined the new notion of 

interval-valued Pythagorean fuzzy ideals in 

semigroups and established the properties. Within 

lattice theory, [4] was a pioneer in developing 

fuzzy sets and delving into fuzzy sublattices. 

Additionally, [6] introduced intuitionistic fuzzy 

sets as a powerful tool for addressing uncertainty, 

thereby extending the idea of fuzzy sets. 

Subsequently, [13] expanded upon this foundation 

by introducing the theory of Pythagorean fuzzy 

sublattices and ideals. 

The concept of ideal of a fuzzy subring was 

introduced by Mordeson and Malik in [10]. 

subsequenty N Ajmal and A.S Prajapathi 

introduced the concept of residual ideals of an L-

Ring in [11]  and in [12] defined the intuitionistic 

fuzzy ideal of an intuitionistic fuzzy lattice and 

quotients (residuals) of ideals of an intuitionistic 

fuzzy sublattice and studied their properties. 

Motivated by this, in this paper we first defined 

the pythagorean fuzzy ideal of a Pythagorean 

fuzzy lattice and certain characterizations are 

given. Lastly, we defined quotients (residuals) of 

ideals of an intuitionistic fuzzy sublattice and 

studied their properties. 

2. Preliminaries 

In this section we go through the concept of 

Pythagorean Fuzzy sets        

2.1. Definition 

See [7, 8] Let   be a nonempty set. A 

Pythagorean fuzzy set (PFS)   in   is an object of 

the form                       where 

              and               represents 

degree of the membership function and non-

membership function resp, with the condition that 
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2.2. Definition 

See [8,9] Let        
       

          and                       

       
       

         are two 

Pythagorean fuzzy sets on X, then for all       

1.          

        

     and 

   

        

     

2.                     

3.    
                        

4.                 

           

     

      where 

      

            

        

      and 

      

            

        

      

5.                 

           

     

      where 

      

            

        

      and 

      

            

        

      

6.                    
            

   

7.              
               

      

2.3. Definition 

See [13] Let L be a lattice and             
      be a     of  . Then   is called a 

Pythagorean fuzzy sublattice       if the 

following conditions are satisfied for all        

1.   
             

       
      

2.   
             

       
      

3.   
             

       
      

4.   
             

       
      

2.4. Definition 

See [13] Let L be a lattice and             
      be a PFS of  . Then   is called a 

Pythagorean fuzzy ideal       if the following 

conditions are satisfied for all        

1.   
             

       
      

2.   
             

       
      

3.   
             

       
      

4.   
             

       
      

3. Operations on Pythagorean fuzzy ideals 

In this section, we discuss some operations on 

Pythagorean fuzzy sets. We apply these operations 

on Pythagorean fuzzy ideals of a lattice denoted 

by        and examine their lattice structures. 

3.1. Definition 

Let           , then define 

                              

  with 

    
                   

       
      

    
                   

       
      

   

 

                           

  with 

   
                   

       
      

   
                   

       
      

   

 

                              

  with 

    
    

          
        

            
        

        

    
    

          
        

            
        

        

                              

  with 

    
                    

       
      

    
                    

       
      

                              

  with 
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3.2. Lemma 

Let             , then 

1.                       

2.            

3.              

4.              

5.              

6.           and         

7.         and        equality 

holds if   is distributive. 

8.                      
        

3.3. Lemma 

Let   be a Pythagorean fuzzy lattice of  , then 

1.       

2.      

4. Ideal of a Pythagorean fuzzy lattice 

In this section, we define the ideal of a PFL and 

give some characterization of these ideals in terms 

of operations on PFI(L). Here we assume that L is 

a lattice         with zero element   and unit 

element  .   and   denote maximum and 

minimum respectively. 

4.1. Definition 

Let   be a Pythagorean fuzzy lattice of   and   is 

a Pythagorean fuzzy set of   with    . Then   

is called Pythagorean fuzzy ideal of   if the 

following conditions are satisfied 

1.   
         

       
     

 

2.   
          

       
      

   
       

      

 

3.   
         

       
     

 

4.   
          

       
         

     

  
             

4.2. Example 

Consider the lattice “divisors of 10”   
                        and                 
                                             

be a PFS of L.                     
                                    . 

Clearly   is a Pythagoean fuzzy ideal of   

4.3. Definition  

Let   be a Pythagorean fuzzy lattice of   and   is 

also a Pythagorean fuzzy lattice of   with    . 

Then   is called Pythagorean fuzzy sublattice of 

  

4.4. Lemma 

The intersection of two Pythagorean fuzzy ideals 

of   is again a Pythagorean fuzzy ideal of   

proof 

Let     be two Pythagorean fuzzy ideal of  . We 

have to show that     is again a Pythagorean 

fuzzy ideal of  . 

    
             

         
        

Since   and   are Pythagorean fuzzy ideals of   

    
             

       
       

       
     

       
       

       
       

     

     
         

    

 

    
             

         
        

Since   and   are Pythagorean fuzzy ideals of   

    
               

       
         

       
         

    

   
         

       
      

        
       

        
     

      
       

        
    

    
         

           
       

     

 

Also 
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Since   and   are Pythagorean fuzzy ideals of   

    
             

       
       

       
     

       
       

       
       

     

     
         

    

 

    
             

         
        

Since   and   are Pythagorean fuzzy ideals of   

    
               

       
         

       
         

       
     

    
       

      

    {  
       

    }    
     

                                        
       

        
    

    
         

          
       

     

 

Hence     is a Pythagoean fuzzy ideal of   

4.5. Theorem 

Let   be a Pythagorean fuzzy lattice and     is 

a Pythagorean fuzzy set of  . Then   is a 

Pythagorean fuzzy ideal of   iff        

    
         

       
     

    
         

       
     

       

Proof 
Assume that 1, 2 and 3 holds. We will prove that 

  is a Pythagorean fuzzy ideal of  . 

Let       

  
          

      

             
   

        
      

   
       

    

 

Since        ,   
         

     

  
    . 

Hence 

  
          

       
         

    

   
      

Also 

  
          

      

             
   

        
      

   
       

    

 

Since        ,   
         

     

  
    . 

Hence 

  
          

       
         

       
      

 

Therefore   is a Pythagorean fuzzy ideal of  . 

Conversly assume that   is a Pythagorean fuzzy 

ideal of  . Then condition 1 and 2 holds from the 

definition. 

Also we have 

  
         

       
     

and 

  
         

       
             

So      with      , we have 

  
      

     
  

       
     

    
     

Also 

  
      

     
  

       
     

    
     

 

Therefore      

4.6. Theorem 

Let   be a Pythagorean fuzzy lattice and     are 

pythagorean fuzzy ideals of  , then     is a 

pythagorean fuzzy ideal of   

Proof 

Let            

            
         

           

with 

    
                   

       
      

    
                   

       
      

We have to show that 

    
         

         
     

Let 

        
         

        



Nasreen A, IJECS Volume 14 Issue 06 June, 2025 Page 27413 

Then for any    , 

 

        
    

               
       

      

and 

 

        
    

               
       

      

so there exist representatives       and 

      such that 

          
       

      

and 

          
       

      

Then 

      
       

       
       

     

Therefore 

          
       

        
        

Also 

          
       

        
        

since   and   are pythagorean fuzzy ideals of L. 

So that 

          
          

         

           

                

                 

 

    
                       

    

      
           

      
       

     

     

Since     is arbitrary 

    
                 

         
      

Let 

        
         

        

Then for any    , 

 

        
                   

       
      

and 

 

        
                   

       
      

so there exist representatives       and 

      such that 

          
       

      

and 

          
       

      

Then 

      
       

       
       

     

Therefore 

          
       

        
        

Also 

          
       

        
        

since   and   are pythagorean fuzzy ideals of L. 

So that 

          
         

        

                 

                 
      

                 
       

    

      
         

      

     

 

Since     is arbitrary 

    
                 

         
      

 

Since                 

    is a Pythagorean fuzzy ideal of P by 

theorem 4.5 
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5. Quotient of Ideals 

We define residuals of ideals of the Pythagorean 

fuzzy ideal and prove that the residuals of ideal is 

again a Pythagorean fuzzy ideal of the 

Pythagorean fuzzy lattice 

5.1. Definition 

Let   be a Pythagorean fuzzy lattice of   and   

and   are pythagorean fuzzy ideals of  . Then the 

quotient of   by   denoted by     is defined as 

                               

where     denote   is a pythagorean fuzzy ideal 

of   

5.2. Theorem 

Let   be a Pythagorean fuzzy lattice of   and   

and   are Pythagorean fuzzy ideals of  . Then 

    is a Pythagoean fuzzy ideal of   

Proof: Let                     . Suppose 

 and      Then   and    are Pythagorean fuzzy 

ideals of   such that      and      . Then 

by theorem 4.6      is Pythagorean fuzzy ideal 

of  . 

Also                     .  

 Hence       . 

Let      , then 

    
         

       
   

  
        

    
  

     

     
        

             

        
              

     
      

 

Also, 

    
        

   
  

      

  
   

  
       

                

   
   

  
        

    

     
       

           

 

Similarly 

    
           

       
            

Thus 

    
            

       
           

    

   
      

Now 

    
         

       
   

  
        

    
  

     

     
        

             

        
              

     
                     

 

Also, 

    
        

   
  

      

  
   

  
       

                

   
   

  
        

    

     
       

           

 

Similarly 

    
           

       
            

Thus 

    
            

       
           

    

   
      

Hence     is a Pythagorean fuzzy ideal of  . 

Clearly      . Clearly      . Since   is 

Pythagorean fuzzy ideal of  ,      , by 

theorem 2.5. Since    ,         and 

hence    . So      . Thus we have 

        

5.3. Theorem 

Let   be a Pythagorean fuzzy lattice of   and   

and   are pythagorean fuzzy ideals of  . Then 

    is the largest pythagorean fuzzy ideal of   

with the property           

Proof: 
Let 

                     

     
   

  

Let     such that       
      , where 

       . Then 
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Hence 

  
       

   
 

   
       

  
 

   
  

                                

   
 

   
    

        
             

 

   
      

            

 

Similiarly 

  
            

        

   
        

     

  
   

  
        

     

   
   

  
         

     

     
        

     

 

Hence 

  
       

   
 

   
       

  
 

   
  

                                

   
 

   
    

        
             

 

   
      

            

 

Hence      . To show that     is the largest 

such PFI , let   be an ideal of   such that     , 

then         . Thus    . Hence      . 

Thus     is the largest PFI of   such that 

         . 

5.4. Theorem 

Let   be a PFI and          are PFI’s of  . 

Then the following conditions are hold 

1.       then         and         

2. If    , then        

3.       

Proof: 

1. If    . Let                       
   and                         . If 

   , then     and        , then 

   , and hence    . 

So 

     
   

   
   

      

Similarly let                   and 

                 . If       , then      

and       , but    , then         
        , then     , and hence      . 

So 

     
     

    
     

       

2. Let                         . Since 

   , we have        and    . 

Thus     and hence         

     , since     is a PFI of  . 

Therefore       

3. We have    , so from (b),       

5.5. Corollary 

Let   be a PFI of   and   and   are PFI’s of  , 

then 

1.           

2.           

3.            

Proof 

1. Since      , by theorem 5.4(b) we 

have           

2. By (c) of theorem 5.4,      , since 

       ,           

3.     and    , so         and 

     . Hence by theorem 5.4(b) 

          

5.6. Theorem 

Let   be a PFL of  ,               ,   and   

are PFI’s of  . Then 
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Proof: 

Since     
                  , so by theorem 

5.4     
          ,              Hence 

     
           

     . Let 

                           

                           

                              

              
          

       
 

   
    

  
        

     

   
     

     
        

                

 

Also 

              
          

       
 

   
    

  
        

     

   
     

     
        

                

 

Let      and      , then       and 

      . Also      is a PFI of  , so that 

                     

. Therefore        . Hence 

             
             

     

implies 

      

            

     
        

     

                                

 

and 

      

            

     
        

     

                                

 

Hence                  . In general 

 
 

   
     

 

   
       

Therefore 

 
 

   
     

 

   
       

5.7. Theorem 

Let   be a PFI OF   and            , where 

  denote the set of all PFI’s                of 

P that satisfies the property    
       

    and 

   
       

    ,      Then we have the 

following results 

1.       and       

2.             

3.           and             

Proof: 

 

         
     

  
       

    

   
       

                 

   
       

              
       

    

   
    

         
     

  
       

    

   
       

                 

   
       

              
       

    

   
    

 

so      . Similiraly we can prove that 

      

1. We have         and       so 

            

                         

                             

Let    , then     and    , so      . But 

     and    . So              
      and hence     so    . Thus 

                        and hence 

            

2. We have         and        . 

So by theorem          . Also we 

have         and            . 

Hence by theorem 5.4,          
     

5.8. Theorem 

Let   be a PFI of L and                  
        and   be any PFI of  . Then       
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Proof: 

We have         and          and 

        , so by theorem 5.4,         
     and              Therefore      
             Let 

                           

                           

                                

Then      

          
         

         
   

   
    

  
        

     

   
     

     
        

                

 

Similiarly 

              
          

       
 

   
    

  
        

     

   
     

     
        

                

 

Now let      and      , then       and 

       Also       , so that           
                          
          . Hence         so 

     , thus              
  

           
    , 

Hence     , we have 

        

         
        

     

           
                    

 

Similiarly 

        

               
                     

Therefore                  . Hence 

                  

In general       
        

      

Conclusion 

Basic operations on Pythagorean fuzzy sets are 

intoduced, and the concept of an ideal in a 

Pythagorean fuzzy lattice is defined. Various 

characterizations related to these operations are 

explored. The residuals of Pythagorean fuzzy 

ideals are defined, and it is demonstrated that 

these residuals also form Pythagorean fuzzy 

ideals. Furthermore, it is shown that they are the 

largest Pythagorean fuzzy ideal of  . 

References 

1. Hussain, Azmat and Mahmood, Tahir and 

Ali, Muhammad Irfan, Rough 

Pythagorean fuzzy ideals in semigroups, 

Computational and applied mathematics, 

38, 1–15, (2019) 

2. Chinnadurai, Veerappan, Interval Valued 

Pythagorean Fuzzy Ideals in Semigroups, 

Journal of Fuzzy Extension and 

Applications, 1(4), 293–303, (2021) 

3. L. A. Zadeh, Fuzzy Sets, Information and 

Control, 353, 1562–1569, (1965). 

https://doi.org/10.1061/9780784413616.1

94  

4. Ajmal, Naseem and Thomas, K. V., 

Fuzzy lattices, Information Sciences, 

79(3-4), 271–291, (1994). 

https://doi.org/10.1016/0020-

0255%2894%2990124-4  

5. Thomas, K.V. and Nair, Latha S., 

Intuitionistic Fuzzy Sublattices and 

Ideals, Fuzzy Information and 

Engineering, 3(3), 321–331, (2011).  

https://doi.org/10.1007/s12543-011-0086-

5  

6. Atanassov K T, Intuitionistic fuzzy sets, 

IEEE Intelligent Systems, 771–775, 

(1986). 

https://doi.org/10.1109/IS.2006.348518  

7. Yager, Ronald R., Pythagorean fuzzy 

subsets, Proceedings of the 2013 Joint 

IFSA World Congress and NAFIPS 

Annual Meeting, IFSA/NAFIPS 2013, 2, 

57–61, (2013). 

https://doi.org/10.1109/IFSA-

NAFIPS.2013.6608375  

8. Yager, Ronald R. and Abbasov, Ali M., 

Pythagorean Membership Grades, 

Complex Numbers, and Decision Making, 

International Journal of Intelligent 

Systems, 29(2), 495–524, (2013). 

https://doi.org/10.1002/int 

9. Khan, Sajjad Ali and Ibrar, Muhammad 

and Rahman, Khaista and Abdullah, 

Saleem and Khan, Sajjad Ali and Husain, 

Fawad, Some Basic Operations on 

Pythagorean Fuzzy sets, J. Appl. Environ. 

Biol. Sci, 7(1), 111–119, (2017). 

www.textroad.com  

https://doi.org/10.1061/9780784413616.194
https://doi.org/10.1061/9780784413616.194
https://doi.org/10.1016/0020-0255%2894%2990124-4
https://doi.org/10.1016/0020-0255%2894%2990124-4
https://doi.org/10.1007/s12543-011-0086-5
https://doi.org/10.1007/s12543-011-0086-5
https://doi.org/10.1109/IS.2006.348518
https://doi.org/10.1109/IFSA-NAFIPS.2013.6608375
https://doi.org/10.1109/IFSA-NAFIPS.2013.6608375
https://doi.org/10.1002/int
file:///C:/Users/anasr/Downloads/www.textroad.com


Nasreen A, IJECS Volume 14 Issue 06 June, 2025 Page 27418 

10. Mordeson, JN, Fuzzy commutative 

algebra, (1998), World Scientific 

publishing Co. Pvt. Ltd 

11. Prajapati, Anand Swaroop, Residual of 

ideals of an L-ring, Iranian Journal of 

Fuzzy Systems, (2007)  

12. Thomas, KV and Nair, Latha S, Quotient 

of ideals of an intuitionistic fuzzy lattice, 

Advances in Fuzzy Systems, 2010(1), 

781672, (2010)  

13. Bakhadach, Idris and Fakhraoui, Meryem 

and Achik, Sofyane and Melliani, Said, 

Pythagorean fuzzy sublattices and ideals, 

Journal of Fuzzy Extension and 

Applications, 5(3), 365–373, (2024) 


