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Abstract

This paper presents a criteria for the existence and uniqueness of solutions to two-point boundary value
problems associated with a system of Kronecker product first order differential equation. Some of the
natural questions on Kronecker product of matrices about seemingly“simple” cases are still unansweredin
spite of their increasing interest and hence some significant results on Kronecker product of matrices are
answered in this paper. We mainly explain a set of necessary and sufficient conditions on the
decomposition of a matrix into Kronecker product of two matrices.
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Introduction

1. Inrecent years difference equations ariseas a natural description of observed evolution phenomena and
found many applications to Science and Engineering problems [1-5]. For this reason, we continue our
attention to

x(n+1) =AMm)x(n) + f(n) (1.1)

Mix(ny) + le(nf) =«
And

y(n+1) = B(n)y(n) + g(n) (1.2)
M,y (ny) + Nz)’(nf) =B,

WhereA(n) and B(n) are square matrices of order (mxm) and (nxn) respectively and all scalars are
assumed to be real. The above equations can be put in the form

G+ 1D Qyn+1)=[A) ® I, + I, ® BM]lx(m) @ y(m)]  ,(1.3)
And the boundary condition matrices can be written as
My ® I + Ly ® Np) (x(n) ® y(n)) +
(M, ® I + I, @ N,)(x(n) @ y(n)) =a ® B, (14)
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where A is an (m x m) matrix and B is (p X p) square matrices, x(n) and y(n) are column matrices of
order (m x 1) and (p X 1) respectively. Recently Kronecker product of matrices played an important role in
multi variate analysis and in the construction of fast and practical algorithms to solve system of linear
equations. These algorithms are very useful in Signal processing, Image Processing, computer vision,
quantum computingto mention a few. We now mention some of the basic properties of the Kronecker
product of two matrices. Let A = (a;;) be an (m x n) matrix and B = (b;;) be a (p X q) matrix then their

Kronecker product (A @ B) is defined as
(A®B) = (a;B)foralli=12,..,m;j =12,..,n

and is in fact an (mp X nqg) matrix. The kronecker product of matrices defined above has the following
properties:

(A® B)(C ® D) = (AC @ BD) (Provided AC and BD are defined)
(A® B)T = AT ® BT (AT stands for transpose of the matrix A)
(A+B)®C=(AQ®B)+(BR®0)

(A® B)'=A"1 ® B~ (provided A and B are invertible)

(A ® B)(n) = (A(n) @ B(n)) (For discrete systems)

(AR B)(n+1)=(AMm+1) Q B(n+ 1)) (For discrete systems)
6. lA® BIl =llAllllBIl

a s wbn ke

For more information on Kronecker Product of matrices, we refer to a recent contributions of Murty,
Fausett[8], Divya, Yan Wu, Dileep [12], Y. Wu and

K. N. Murty [9,10]. For basic results on Kronecker Product of Matrices and Linear Systems we refer to Kasi
Viswanadh, SriramBhagavatulaet. al [6,7] and Divya et.al in [11].

My @ Iy + In @ N)(x @ ¥)(no) + (M2 @ Iy + Iy @ N2)(x @ y)(ny) = (2 @ B)

Let X(n,ng,e;), i = 1,2,...,m be m linearly independent solutions having e; as initial vectors, and let S be
the solution space of x(n + 1) = A(n)x(n). It may be noted that any element of S can be expressed as a
linear combination of the set of n solutions of X(n,ng,e;)i = 1,2,...,m i.e. if x(n) is any solution of (1.1)
with f(n) = 0, then

x(m)=Yx",c; X(n,nge),i=1.2,..,m

We define K functions f(n) on N, as

fi(n) f2(n) Coe fm ()
Koy =| AO+D Lo+l o fald D) | g
fin+k—-1) filn+k—-1) . . . fan+k—1)

If f;(n), i =1,2,...,m are m solutions of
x(n+1) = A(n)x(n),

then det[K(n)] # 0. If x(n) is any solution of (1.1) and x(n) be a particular solution
of(1.5) then any solution of (1.5) can be written as

x(n) =x(n) + XM a; X(n,ng, €),i =1,2,...,m.
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Similarly, if y(n) is any solution of (1.2) with g(n) = 0 and y(n) be a particular solution of (1.2), then

ym) =ym) + X BiY(nnge), i =12,..,p.

We have the following interesting result:
Theorem 1.1:

If X(n) is a fundamental solution of the homogeneous difference system

x(n+1) = A(n)x(n)
andY (n) is fundamental matrix of

y(n+1) = B(n)y(n)
then(X (n) ® Y (n)) is a fundamental matrix of

x®@y)(n+1) =[An) @ B(m)][x(n) & y(n)]
Proof: Now consider

XQYV)(n+1)=X(n+1)Q®Y(n+1)
= A(M)X(n) ® Y(n)B(n)
=[A(n) @ BM)][X(n) @ Y(n)]
This clearly shows that (x(n) ® y(n)) is a solution of
(x(n+1) @ y(n+ 1)) = [A(n) @ B(M)][x(n) ® y(n)]

This paper is organized as follows:

Section 2 presents the general solution of the Kronecker Product of non-homogeneous difference system.

x(n+1D)®yn+1) =[An)  BM)][x(n) @ y(n)] + (f(n) ® g(n)),  (2.1) and then present the
general solution of the Kronecker Product boundary value problems.

Section 3 presents three algorithms when the Kronecker Product boundary value problem has a singular
characteristic matrix.

Now, any solution of the non-homogeneous Kronecker Product system (2.1) is of the form

y(n) =y(n) + [@(n,ne) @ ¥(n,n)][C; ® (]

whereC; is a constant m-vector and C, is a constant p-vector and ®(n,n,) is a fundamental matrix of
x(n+1) =An)x(n) and y(n) is a particular solution of the system (2.1) and ¥(n,n,) is also a
fundamental matrix of y(n + 1) = B(n)y(n).

We now verify [®(n,n,) ® W(n,ny)] is a solution of the homogeneous system.

Theorem 2.1: If ®(n, n,)is a fundamental matrix of the homogeneous system
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x(n+1) = A(n)x(m)and¥(n,n,) is fundamental matrix of y(n+1)=B®n)y(n) then
[®(n,ny) @ W(n,ngy)] is a fundamental matrix of homogeneous Kronecker product system (2.1)
Proof: Consider[®(n, ny) ® W(n, ny)]. It can be easily seen that
d(n+1,ny) ¥Y(n+ 1,ny) = A(n)d(ny) + B(n)¥(n,)
= [A(n) ® B(m)][®(ny) ® ¥(ny)]
=[A(m) ® BM)][C, Q ;]
whereC; = ®(n,) and C, = ¥(n,). Hence [®P(n) ® P(n)]is a fundamental matrix of the

homogeneous Kronecker Product system (2.1)

Theorem 2.2: A particular solution y(n) of non-homogeneous Kronecker Product system (2.1) is given by

F) = Tzt [0 + 1) @ ¥(n,j + DIf () @ g(n)]
Proof: Any solution of the homogeneous Kronecker product homogeneous system is of the form

[x(n) ® y(n)] = [®(n,n) ® ¥(n,n)][C; ® C;]

where(; and C,constant m and p- vectors respectively.But a solution cannot be a solution of the Kronecker
Product non-homogeneous system unless [f(n) ® g(n)] = 0. So we seek a particular solution of the

system (2.1) in the form

[x(n) ® y(n)] = [P(n, np) @ ¥(n,ne)][C; ® C,1(n)

Then
[x(n+ 1D Q@yn+ D] =[P(n+1,n) ¥(n+1,n)][C;(n+1) ® C,(n+ 1)]
Therefore
[A(n)®(n,ny) @ B(M)¥(n,n)][C;(n+1) @ C,(n+ 1)] =
A(m)®(n,ny) @ B(M)W(n,ny)[C1(n) ® ()] + [f(n) ® g()]
Thus

[A(M)®(n,ny) @ B()¥(n,np)][C;(n+ 1) = €, (n) @ C,(n + 1) — C,(n)]
= [f (v
® g(n)]

[A(n)@(n,ny) ® B(M)W(n,ne)]A C(n) = [f(n) ® g(n)]
AcC(n) = [Am)P(n,ny) @ BM¥(n,ny)] ' [f(n) @ g(n)]
Or

C() = C(ny) + [A(n) @ B [@(n,np) ® Y(n,ne) | [f () ® g(n)]
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C(n) = C(np) + [A() @ B T153 @(no,j + D ® X, Y(noj + D IFM) @ gm)]  (2.2)
Note that ®(n,ngy) = @(n)d1(n,y)
[®(n,ng)] ! = ®(ny)d*(n)
= ®(ny,n)
The above formula is known as Variation of Parameters formula. We also assume that [A(n) @

B(n)] is invertible. Thus any solution [x(n, ny, C;) ® y(n,ny, C,)lis given by

[x(n,n9, C1) @ y(n,ny, C,)]
= [®(n,ny) @ ¥(n,np)][C; ® C;](ne)

n-1 p-1
+ ) o)M=+ DO ® ) Wi n)¥n—j+1) g;m
j=no J=po

(2.3)
Section 3: Two-Point Boundary Value Problems

In this section, we shall be concerned with the two-point boundary value problem satisfying two-point
boundary conditions

(M; @ ND(y ® x)ng + (M, ® N)(y ® x)ny = (a @ B) (3.1)

wheren,, n € Ny ,ny < ns. Substituting the general form of the solution given in (2.3) in the boundary
condition matrix (3.1) we get

(M; @ ND[P(n,ny) @ W(n,ng)] + (M, ® Np)[P(n,ng) ® W(n, ny)][C; & C,](ng)

n-1 p-1
=@®F) - (M @ N) ) blng,j + D ® ) Wng,j+ D gy|If @]
j=no j=po

If we assume that the homogeneous boundary value problems has only the trivial solution, it follows that the
characteristic matrix D given by

D = (M; @ ND[P(ng,ng) @ ¥(ng,ne)l + (M, ® Ny)[@(nr, 1) @ W(nys,ny)]

is non-singular. Hence

[C; @ C,](ng) =D (e ® B)

n-1

— D (M @ N)D(g +) + 1) @ Wiy +) +1)
Jj=no
p—1

= D (M, ® Ny)D(ng + +1) @ Wing +) + 1)
j=po

Note that,®(n,, ny) = I. The right hand side of the system of equations can be written as
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DC=[f®gln—-1)
wheref = D™|(a ® f) — Z72% (My ® N (ng +j — 1) @ W(ng +j — 1) — Xi2p (M, ®
NP +j = 1) @ Wng +j — 1)

Now we solve system of equations by using the following algorithms, when D is singular or deficient rank.

Section 4: Algorithms:
In this section, we first develop, two new kinds of Kronecker Product decompositions will be developed i.e.
Kronecker Product general decomposition and KroneckerProduct isomer decomposition.

Theorem 4.1: Let A be an(mxm) matrix and B be a (pxp) matrix. Then the Kronecker Product
decomposition for a matrix M = (A @ B) € R™PX™? s given by

M = M;; € R™*™Pcan be decomposed to the form M = (A ® B)

Proof: Let A = (a4, ay, ..., a;,) € R™™ with a; € R™,1 < i < m then denote Vect(A) =
(a3, aj, ..., a;,)" then the matrix M = (A ® B) if and only if
rank{Vector( My,),Vector (My,), ..., Vector( My,,), ...., Vector (M)} =1

In general, the Kronecker product decomposition is not unique.
The following algorithm describes the general program of Kronecker product decomposition.

Algorithm 1:
Step 1: Input M, m, p, the size of the matrix M € R™P*™P and M! = 0
Step 2: Define M;;,i = 1,2,...,m,j = 1,2,..,p
Step 3: Calculate Vect(M;;)
Step 4: If rank{Vec( My,),Vec (My3), ...,Vec( Myy), ....,Vec(Mpp)} = 1
gotostep 5
else output “Cannot be decomposed”; end
Step 5: look for the first M;;! = 0, define B = M;;
Step 6: Calculate a;;: Vect (Ml-j) = q;j Vect(B),i=12,..,m,j=12,..,p
Step 7: Define A = (a;;),i = 1,2,..,m,j = 1,2, ..., p; output4, B; end
Theorem 4.2: Let A be an (m X n) matrix with rank  and B be a (p X gq) matrix with
rank s. Then
rank(A® B) = p(A Q B) = p(A).p(B)wherep stands for rank of (.)

Proof: Since the matrix A is of rank r < min(m, n), there exist invertible matrices

P,and@, such that
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P,AQ, = I" (Iis an m X n matrix) and similarly
PgBQg =I5 (Iisan p X g matrix)
Applying mixed property, we therefore have
(PR P)(AQ®B)(Q1®Qp) =1"RI?
Since (P, ® Pg)and (Q, ® Qp) are invertible matrices, we therefore have
p(AQB) =p(I"®I°)
But the matrix has precisely rs-non-zero elements each on a different row and column by

construction. Therefore

p(A® B) = p(4).p(B)
The following algorithm presents the general program for Kronecker product gemel decomposition (KPGD)

problem that include whether a matrix can be decomposed or not and how to get the results of KPGD.

Algorithm 2:
Step 1: input D, p, q; verify the size of D is p? x g2 and M! = 0

Step 2: define flag = 0, Dy, i = 1,2,...,p,j = 1,2,..,q
Step 3: for (i,j),i =1,2,...,p,j = 1,2,...,q
if:D;; = 0 continue

else if: D;;! = 0andD;; < Oflag = 1, break;

else: define B = D;;/ mi’] < 0flag = 2, break;
Step 4: if flag == 2&&D = B @ B, A=B; output 4, end
else output “Cannot be decomposed”; end
Section 5: QR-Factorization

Let A € R™™ and B € RP*P matrices and let P,, L, and Pg, Ly be the matrices corresponding to their LU-
factorizations with partial pivoting. Then we can derive LU-factorization to the Kronecker product

(A ® B)as follows:
(A &® B) = (PZLAUA) 0% (PgLBUB)
= (PZ X Pg)(LA 0% LB)(UA X UB)

If A and B are positive (semi) definite and L,, Lz be the matrices corresponding to their Cholesky
factorizations. Then Cholesky factorization of their Kronecker product as
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(A X B) = (LALZ) X (LBLE)
= (LA X LB)(LZ X LTL;)

= (LA X LB)(LA ® LB)T
It may be noted that

(AQ B)T = AT @ BT

Proof: (A® B) =-[Q(AQ B) + (B ® A)QT]"
=2[QUA®B)" + (B ® A)"Q"]
=2[Q(4" ® B + B" ® A")Q"]
AT QBT

Result 5.1: Let A be an (m X n) given matrix with rank s < min{m,n}. Then there
exists a unique factorization of the form
AP = QR

with the following properties.

Q) P is an (n X n) permutation matrix with first n columns of AP form a basis of
Im (A) = {Ax € R"™/x € R™}
(i) Q is an (m X s) matrix with orthonormal columns and R is an (s X n) upper trapezoidal
matrix of the form
R = (Ry,R,)whereR; is a non-singular (s X s) upper triangular matrix with orthonormal
columns and R, is a (s,n — s) matrix. Note that columns of A are linearly independent. Then
the system of equation
Ax =« (5.1)
has a unique solution given by
x=(ATA) a

Note that (AT A) is (n X n)non-singular matrix. Similarly if the rows of A are linearly independent, then
Ax =«
and x = ATy transforms into

AATy = «a,
andy = (AA")1a
Or
x = ATy = AT(AAT)1ais the unique solution of the system of equations (5.1). We make use of

these results to establish our result on Kronecker product of linear system of equations
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ARB)x®y)=(a®pB). (5.2)

Suppose A4 is an(m x m) matrix with full rank and B is (p X p) matrix with full rank. Suppose A and B are

QR-decomposed as

AP1 == QlRlandBPZ - QZRZ |e

AP1 == Q1 I:R(;l):landBPZ - QZ I:RE)Z):I

whereQ; and Q, are orthonormal matrices and R™, R are square upper triangular matrices and R;, R, are
upper triangular matrices. 0, 0 are Zero matrices of appropriate order. P;andP, are permutation
matrices arise from column pivoting used to keep the diagonal elements as far as away from zero as
possible. If we introduce the partitioning of orthogonal matrices Q; and @, in the form

Q. =[" @P]and @, = [¢® @%?], then the system of equation can be back solved to obtain the

2 1

general solution of the Kronecker product system of equations as in [3,4,6].
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