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I.Introduction

In 1972 a new geometrically concept introduced which is different from Banach [1] and Kannan [2]
for contraction type mapping was by Chatterjee [3] which gives a new direction to the study of the fixed

point theory. Chatarjee [3] gives contraction principle,

there exists a number a where 0 < a < 1 such that for each x,y € X
d(Tx, Ty) < a[d(x, Ty) + d(y, Tx)]

In 1978, Fisher B. [4] generalized the result of Kannan by choosing a which as follows:
d(Tx, Ty) < a [d(x, Ty) + d(Tx,y)]
Forall x, y € Xand 0 < a < % then T has unique fixed point in X.

Beside this in 1977 Jaggi [5 ] introduced the rational expression first time which is as follows:

d(x,Tx)d(y,Ty)

<
d(Tx, Ty) < « ay)

+ Bd(xy)
Forallx,y€X, x # y, 0< a + B < 1 thenT has unique fixed point in X.

Further in 1980 Jaggi and Das [6] obtained fixed point theorem with the mapping satisfying:

d(x,Tx)d(y,Ty)
d(x,y)+d(x,Ty)+ d(y,Tx)

d(Tx, Ty) < « + Bdxy) 1.1.f

Forallx,y€X, x # y, 0< a + <1 thenT has unique fixed point in X.
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Above this results is also valid for x = y.

The aim of this chapter is to obtain some fixed point theorem involving occasionally weakly
compatible maps in the setting of symmetric space satisfying a rational contractive condition. Our results
complement, extend and unify several well known comparable results.

I1.Preliminaries

Definition 2.1 Let S and T are self maps of a metric space X. If w = Sx = Tx for some x € X, then x is
called a coincidence point of S and T, and w is called a point of coincidence of Sand T.
Definition 2.2 Let S and T are self maps of a metric space X, then S and T are said to be weakly compatible
if

lim,_, , d(STx,, TSx,) =0
whenever {x,} is sequence in X such that

lim,_, , Sx, = lim,_ , Tx, =x
for some x € X.
Definition 2.3 Let S and T are self maps of a metric space X, then S and T are said to be weakly
compatible if they commute at their coincidence points; i.e. if Tx = Sx for some x € X then TSx = STx.
Definition 2.4 Let @ be the set of real functions

d(ts, t) ta, by, t5): [0,90)° > [0,90)

satisfying the following conditions:

i. ¢ is non increasing in variables t,and ts.

ii. Thereisan h; > 0 and h, > 0 such thath = h;h, < 1 and if u > 0 and v > 0 satisfying
a uso(v,vyuu+v,0)or u<o(v,uv,u+v,0)
Then we have u < h,v.

And if u > 0,v > 0 satisfy

b. u<¢(v,v,u,0,bu+v)or u< p(v,uv,0,u+v)

Then we have u < h,v.
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If u > 0 is such that
u < ¢(u,0,0,u,u) or u< »(0,u,0,0,u) or u < $(0,0,u,u,0)

Thenu = 0.

Before giving our second result of this section we Let R™ denote the set of non negative real
numbers and F a family of all mappings ¢ : (R*)> - R* such that ¢ is upper semi continuous, non
decreasing in each coordinate variable and, for any ¢(t) < kt.

I11. Main Result
Theorem 3.1 Let A,B,S, T be continuous self mappings defined on the complete metric space X into itself
satisfies the following conditions:
i) AX)c TX), BX)c SX)
(ii) The pair {A,S} and {B,T} are weakly compatible.
(d(Ax,5%)°+ (d(By,Ty))”

d(Ax,Sx)+d(By,Ty) '
(dAaxTy)"+ (d(By,$0)°
d(Ax,Ty)+d(By,Sx) '
(iii) d(Ax,By) < & (daxsx)’*+ (daxTy)”
d(Ax,Sx)+d(Ax,Ty) '’
(d(By,Sx))2+ (d(By,Ty))2
d(By,Sx)+d(By,Ty) '
d(Sx, Ty)

Forallx, y € X,(x #y)and ¢ € ®. Then A, B, S, T have uniqgue common fixed point in X.

Proof For any arbitrary x, in X we define the sequence {x,} and {y,} inX such that

AxXzn = TXzpie1 = Y2n and Bxppi1 = SXoni2 = Yot

forall n=0,1,2, .....

Ontaking yon # Yan+1

d(YZn ) Y2n+1) = d(Axzp, BXzn41)

From (iii) we have
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2 2
(d(Ax2n,Sx2n)) " + (d(Bxzn+1,TX2n+1))
d(Ax2n,SX2n)+d(BX2n+1,TX2n+1)
2 2
(d(Axzn,TX2n4+1)) " + (d(BX2n+1,5%2n))
d(Ax2n, TX2n+1)+d(BX2n+1,5%2n)
2 2
d(AXan BX2n+1) < ¢ (d(Ax2n,Sx2n))" + (d(AX2n, TX2n+1))
d(AXzD,SXZH)+d(AX2n,TX2n+1)
2 2
(d(Bxzn+1,5%2n)) + (d(BXz2n+1,TX2n+1))
d(BXzn+1,S%X2n)+d(BXn41,TXz2n41)

d(SXZn; TX2n+1)

)

(d(YZn:YZn—l))2+ (d(yzn+1JYZn))2
d(y2n,y2n-1)+d(y2n+1,y2n)
(d(YanYZn))Z"‘ (d(YZn+1rYZn—1))2
d(y2n,y2n)+d(¥zn+1,Y2n-1)

d(y2n,Y2ns1) < ¢ (d(YZnJYZn—l))2+ (d(yzn:YZn))z
d(yzn,y2n-1)+d(y2n,yzn)
(d(YZn+1JYZn—1))2+ (d(}’zn+1,}’2n))2
d(yzn+1,Y2n-1)+d(¥zn+1,Y2n)
d(¥2n-1,Yzn)

(d(YZnJYZn—l) + d(YZn+1:Y2n))'

| (d(YZn»YZn—1) + d(YZn+1:Y2n)); |
d(YZn ) YZn+1) S q) d(yZn, YZn—l)

|
,d(Y2n, Y2n-1) + 2d(Y2n+1:Y2n)'/
d(Y2n-1,Y2n)

from the property of ¢ we have

d(an , YZn+1) <k d(an: Y2n—1)

similarly we can show that
d(¥2n Y2n-1) < k" d(¥2n-2,Y2n-1)
processing the same way we can write,
for any integer m we have
d(¥zn Yontm) < d2nYan+1) + d(Vznes Yoniz) +
cevevee v e+ A(V2nem-1,Y2n+m)

d(¥2n Yonem) < kK™d(yey1) + k™ 1d(yey1) +

e KM d(yo, v1)

d(Vom Vonim) < KP[1+k+KkZ2+ .. ... + k™].d(yo,y1)

kn
d(YZn:Y2n+m) < a-d(}’m}ﬁ)
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asn —» o gives that

d(YZn: YZn+m) - 0.

Thus {y,,} is a Cauchy sequence in X. Since T(X) is complete subspace of X then the subsequence
Von = TXpn41 is Cauchy sequence in T(X) which converges to the some point say u in X. Letv € T™1u
then Tv = u. Since {y,,} is converges to uand hence {y,,+1} also converges to same point u.

Weset x = Xy,pand y =v in 6.2.1(iv)

(d(AxZn,szn))2+ (d(Bv,Tv))2
d(Ax3p,SXon)+d(Bv,TV)
(d(AxZn,Tv))2+ (d(BV,szn))2
d(Ax,p, Tv)+d(Bv,Sx25)
d(Ax,,,Bv) < ¢ (d(AxZH,Sxm))2+ (d(AXZn,TV))Z
d(Ax2p,SXon)+d(AXyp,TV)
(d(BV,SXZn))2+ (d(Bx2n+1,Tv))2
d(Bv,Sx21)+d(BXapn+1,TV)
d(Sx,,, Tv)

)

)

)

asn — o
d(u,Bv) < d(u,Bv)

which contradiction

implies that Bv = u also B(X) c S(X) so Bv =u implies that u € S(X).

Let w e S71(X) thenw =u setting x=w and y = Xpq44 in 2.2.2(iii) we get

(d(AW,SW))Z'F (d(BX2n+1:TX2n+1))2
d(Aw,Sw)+d(Bxzn+1,TX2n+1)
(d(AW,Txzn+1)) "+ (d(Bxzn+1,5W))
d(Aw,Txzpn+1)+d(BXzn+1,5W)
d(Axzp,Bv) < ¢ (dAw,5W))*+ (d(AW, Txzn41))"
d(Aw,Sw)+d(Aw,TXon+1)
(d(BX2n+1,SW))2+ (d(BX2n+1,TX2n+1))2
d(Bxzn+1,SW)+d(BXzn+1,TXz2n+1)

d(Sw, TX2n+1)

)

)

)

asn — o, d(Aw,u) < d(Aw,u)

which contradiction

implies that, Aw = u this means Aw = Sw = Bv= Tv= u.

since Bv = Tv = u so by weak compatibility of (B, T) it follows that, BTv = TBv and so we get

Bu = BTv = TBv = Tu.
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Since Aw = Sw = u so by weak compatibility of (A,S) it follows that SAw = ASw and So we get
Au = ASw = SAw = Su

Thus from (iii) we have

d(Aw,Sw)+d(Bu,Tu) '’ d(Aw,Tu)+d(Bu,Sw)
d(Ax,,, Bv) < | (d@awsw)’+ (d@aw,Tw)® (dBu,sw))*+ (dBu,Tw)?
d(Aw,Sw)+d(Aw,Tu) ’  d(Bu,Sw)+d(Bu,Tu)

d(Sw, Tu)

(d(Aw,Sw))2+ (d(Bu,Tu))2 (d(Aw,Tu))2+ (d(Bu,SW))2 \‘

d(u, Bu) < d(u,Bu)
which contradiction
implies that Bu = u.
Similarly we can show Au = u by using (iii) . Therefore
u= Au = Bu = Su = Tu
Hence the point u is common fixed point of A, B, S, T.
If we assume that S(X) is complete then the argument analogue to the previous completeness argument
proves the theorem. If A(X) is complete then u € A(X) c T(X). similarly if B(X) is complete then
u € B(X) c S(X). This complete prove of the theorem.
Uniqueness Let us assume that z is another fixed point of A,B,S, T in X different from u. i.e. u # z
then
d(u,z) = d(Au,Bz)
from (iii) we get
d(u,z) < d(u,z)

which contradiction the hypothesis . Hence u is unique common fixed point of A,B,S,T in X.
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