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Abstract

This paper presents a novel mesh generation scheme of all quadrilateral elements for a convex
polygonal domain. This scheme converts the elements in background quadrilateral mesh into quadrilaterals
through the operation of splitting. We first decompose the convex polygon into simple sub regions in the
shape of quadrilaterals. These simple regions are then triangulated to generate a fine mesh of six node
triangular elements. We propose then an automatic triangular to quadrilateral conversion scheme. Each
isolated triangle is split into three quadrilaterals according to the usual scheme, adding three vertices in the
middle of the edges and a vertex at the barrycentre of the element. To preserve the mesh conformity a
similar procedure is also applied to every triangle of the domain to fully discretize the given convex
polygonal domain into all quadrilaterals, thus propagating uniform refinement and quadrangulation. This
simple method generates a high quality mesh whose elements confirm well to the requested shape by
refining the problem domain. Examples are presented to illustrate the simplicity and efficiency of the new
mesh generation method for standard and arbitrary shaped domains. We have appended MATLAB programs
which incorporate the mesh generation scheme developed in this paper. These programs provide valuable
output on the nodal coordinates ,element connectivity and graphic display of the all quadrilateral mesh for
application to finite element analysis.
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1. Introduction

The finite element method (FEM) developed in the 1950’s as a method to calculate the elastic deformations
in solids. Sixty years later, the point of view is more abstract which allows FEM to be used as a general
purpose method applicable to all kinds of partial differential equations. The advent of modern computer
technologies provided a powerful tool in numerical simulations for a range of problems in partial differential
equations over arbitrary complex domains. A mesh is required for finite element method as it uses finite
elements of a domain for analysis. Finite Element Analysis (FEA) is widely used for many fields including
structures and optimization. The FEA in engineering applications comprises three phases: domain
discretization, equation solving and error analysis. The domain discretization or mesh generation is the
preprocessing phase which plays an important role in the achievement of accurate solutions.

FEM requires dividing the analysis region into many sub regions. These small regions are the elements
which are connected with adjacent elements at their nodes. Mesh generation is a procedure of generating the
geometric data of the elements and their nodes, and involves computing the coordinates of nodes, defining
their connectivity and thus constructing the elements. Hence mesh designates aggregates of elements nodes
and lines representing their connectivity. Though the FEM is a powerful and versatile tool, its usefulness is
often hampered by the need to generate a mesh. Creating a mesh is the first step in a wide range of
applications, including scientific and engineering computing and computer graphics. But generating a mesh
can be very time consuming and prone to error if done manually. In recognition of this problem a large
number of methods have been devised to automate the mesh generation task. An attempt to create a fully
automatic mesh generator that is capable of generating a valid finite element meshes over arbitrary complex
domains and needs only the information of the specified geometric boundary of the domain and the element
size, started from the pioneering work [1] in the early 1970’s. Since then many methodologies have been
proposed and different algorithms have been devised in the development of automatic mesh generators [2-
4]. In order to perform a reliable finite element simulation a number of researchers [5-7] have made efforts
to develop adaptive FEA method which integrates with error estimation and automatic mesh modification.
Traditionally adaptive mesh generation process is started from coarse mesh which gives large discretization
error levels and takes a lot of iterations to get a desired final mesh. The research literature on the subject is
vast and different techniques have been proposed [8]. As several engineering applications to real world
problems cannot be defined on a rectangular domain or solved on a structured square mesh. The description
and discretization of the design domain geometry, specification of the boundary conditions for the governing
state equation, and accurate computation of the design response may require the use of unstructured meshes.

An unstructured simplex mesh requires a choice of mesh points (vertex nodes ) and triangulation. Many
mesh generators produce a mesh of triangles by first creating all the nodes and then connecting nodes to
form of triangles. The question arises as to what is the ‘best’ triangulation on a given set of points. One
particular scheme, namely Delaunay triangulation [8], is considered by many researchers to be most suitable
for finite element analysis. If the problem domain is a subset of the Cartesian plane, triangular or
quadrilateral meshes are typically employed.

The method used for mesh generation can greatly affect the quality of the resulting mesh. Usually the
geometry and physical problem of the domain direct the user which method to apply. The real problems in
2D and 3D involve the complex topology, and distribution of the boundary conditions. Such situation
requires automatic mesh generator to reduce the user influence to this process as much as possible. The
advancing front is another popular mesh generation method that can be used for adapting FE mesh
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strategies. Conceptually , the advancing front method is one of the simplest mesh generation processes. This
element generating algorithm starts from an initial front formed from the specified boundary of the domain
and then generates elements, one by one, as the front advances into the region to be discretized until the
whole domain is completely covered by elements [9-10]. In general, good quality meshes of quadrilateral
elements cannot be directly obtained from these meshing techniques. An additional step is therefore required
to obtain quadrilateral meshes from the triangular meshes. It is generally known that FEA using quadrilateral
mesh is more accurate than that of a triangular one [11-20].

In this paper, we present a novel mesh generation scheme of all quadrilateral elements for convex
polygonal domains. This scheme converts the elements in background quadrilateral mesh into quadrilaterals
through the operation of splitting. We first decompose the convex polygon into simple subregions in the
shape of quadrilaterals. These simple subregions are then triangulated to generate a fine mesh of six node
triangles. We propose then an automatic triangular to quadrilateral conversion scheme in which each
isolated triangle is split into three quadrilaterals according to the usual scheme, adding three vertices in the
middle of edges and a vertex at the barrycentre of the triangular element. Further, to preserve the mesh
conformity a similar procedure is also applied to every triangle of the domain and this fully discretizes the
given convex polygonal domain into all quadrilaterals, thus propogating uniform refinement and
quadrangulation. In section-2 of this paper,we present a scheme to discretize the arbitrary quadrilaterals and
standard squares into a fine mesh of six node triangular elements.In section- 3,we explain the procedure to
split these triangles into quadrilaterals. In section-4,we have presented a method of piecing together of all
quadrilateral subregions and eventually creating a all quadrilateral mesh for the given convex polygonal
domain. In section-5,we present several examples to illustrate the simplicity and efficiency of the proposed
mesh generation method for standard squares and arbitrary quadrilaterals,rectangles and convex polygonal
domains.

2. Division of an Arbitrary Quadrilateral

We can map an arbitrary four noded linear convex quadrilateral in the global (Cartesian) coordinate system (X,
y) as in Fig 1a, into a 2-square in the local(natural) parametric coordinate system (§,n) as in Fig 1b.

5 A (1.1)

2(1.-1)

Fig.1a-4 node linear convex quadiilateral in global spacefx.y)

At Fig.1b4 node 2 square in the local parametric spaces,n)
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The necessary transformation is given by the equations

(y) =2t () mm (1)
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Where (xy,vy) , (k=1,2,3,4 ) are the vertices of the original arbitrary linear convex quadrilateral in (X, y) plane and
Mg (§,mn) denote the well known bilinear basis functions [13,14] in the local parametric space (u,v) and they are given

by

MEm) =5 (L +8IA+m) , k=1,234 (2a)

Where { (8 ni), k = 1,2,3,4} ={(-1,-1),(1,-1),(1,1),(-1,1)} (2b)

describe the transformations over a linear convex quadrilateral element from the original global space(x,y) into the
local parametric space (¢, n).

We can also map an arbitrary four noded linear convex quadrilateral in the global (Cartesian) coordinate system (x,
y) as in Fig 1c, into a 1-square in the local(natural) parametric coordinate system (u,v) as in Fig 1d.
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Fig.1c4 node linear convex quadrilateral in global space(x.y)

1 Fig.1d4 node 2 square in the local parametric space(u,v)
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The necessary transformation is given by the equations

(; ) =Ziar () Netw,v) 3)

Where (xy,yyx) , (k=1,2,3,4 ) are the vertices of the original arbitrary linear convex quadrilateral in (X, y) plane and
Ny (u,v) denote the well known bilinear basis functions [13,14] in the local parametric space (u,v) and they are given

by
N;(u,v) =(1—-uw)(@ —-v), Ny(u,v) =u(l—-v), N3(u,v)=uv, Ny(u,v) = (1 —u)v ---m-mmmmmmmmmmeme 4)

describe the transformations over a linear convex quadrilateral element from the original global space(x,y) into the
local parametric space (u, v ).

The mappings of eqns.(1-4) describes a unique relation between the coordinate systems.

H.T. Rathod® IJECS Volume 3 Issue 5 may, 2014 Page No.6062-6098 Page 6065



This is illustrated by using the division of each side into three equal parts in Fig. 2a,b and Fig. 2c,d . It is
clear that all the coordinates of this division can be determined by knowing the coordinates ( (x;,y;), i =
1,2, 3,4) of the vertices for the arbitrary quadrilateral. In general , it is well known that by making ‘n’ equal
divisions on all sides, we can divide an arbitrary quadrilateral into n? smaller quadrilaterals.
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Fig 2ah: MAPPING OF AN ARBITRARY QUADRILATERAL INTO A 2-SQUARE
WITH SPECIAL QUADRILATERALS FROM (x¥) TO (M) SPACE
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Fig 3a:Division of an arbitrary quadrilateral into (n*n) small gquadrilaterals
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Fig 3b:Diwision of a 2-square into stz node triangles

We have shown the division of an arbitrary quadrilateral and a 2-square in Fig. 3a, Fig. 3b, We divided
each side of the quadrilateral or 2-square (either in Cartesian space(x,y) or natural space(u,v)) into n equal
parts and join opposite sides by lines. This creates (n + 1)2 nodes. These nodes are numbered from base
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line 1y, ( letting [;; as the line joining the vertex (x;,y;) and (x;,y;) or(u; v;)and(u;,v;) ),now with
respect to the 2-squqre in Fig.3b,we have along the line v = 0 and upwards up to the line v = 1. The nodes

1, 2, 3,4 are numbered anticlockwise and then nodes 5,6, ------ , (n+3) are along line v = 0 and the nodes
(n+4), (n+5), ------ , (2n+1), (2n+2) are numbered along the line [,; i.e. u =1 and then the node (2n+3),
(2n+4), ------- , (3n+1) are numbered along the line v = 1, and finally along the nodes (3n+2),(3n+3),....4n

are numbered along the line u = 0, Then the interior nodes are numbered in increasing order from left to
right along the line v = %,i =0,1,2,.......,n bounded on the right by the line u =1 . Thus the entire
square is covered by (n + 1)? nodes. This is shown in the rr matrix of size. (n + 1) X (n + 1)

1, 5, B (o+2),  (n+3), 2

dry Mot Mt (5n-2),  (5n-1), (1t

[ 4n-1), St (St {6n-3), {6n-2), (1t 5y

4n-23,  (6n-1), B0 (Tn-4), (To-3),  (nt+d)

r_‘r =

(3t 3), (nh2+d), e ) SR "2+l (n"2+ot ), (2ntl)
(B2, (24t 3, (2, nint2), (ot (2nt2)

4, G+l in, 2o+d),  (2ntd), 3

Fig 3c. Matrix rr for the division of a Square

3. Quadrangulation of an Arbitrary Quadrilateral

We now consider the quadrangulation of an arbitrary quadrilateral. We first divide the arbitrary
quadrilateral into two arbitrary triangles. Let us define [;; as the line joining the points (x;, ¥;) and (x;,y;) in
the Cartesian space (x,y). Then the arbitrary triangle with vertices at ((x;,y;),i = 1,2,3) is bounded by
three lines 1,5, 1,5, and l3; . By dividing the sides l;,, 1,5, [3; into n = 2m divisions ( m, an integer )
creates m? six node triangular divisions. Then by joining the centroid of these six node triangles to the
midpoints of their sides, we obtain three quadrilaterals for each of these triangle. We have illustrated this
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process for the two and four divisions of l,,, 3, and I3, sides of the arbitrary and standard triangles in
Figs. 4 and 5

Two Divisions of Each side of an Arbitrary Triangle

(0,1/2)6 5(1/2,1/2)

2(x2,y2)

x 10, 0) 4(1/2,0) 21,00 u
4(a) 4(b)
Fig 4(a). Division of an arbitrary triangle into three quadrilaterals
Fig 4(b). Division of a standard triangle into three quadrilaterals

Four Divisions of Each side of an Arbitrary Triangle
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Fig 5a. Division of an arbitrary triangle into 4 six node triangles
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Fig 5b. Division of a standard triangle into 4 right isosceles triangle

In general, we note that to divide an arbitrary quadrilateral into equal size six node triangle, we must divide
each side of the quadrilateral into an even number of divisions and locate points in the interior of
quadrilateral at equal spacing. We also do similar divisions and locations of interior points for the standard
square. Thus n (even ) divisions creates n® six node triangles in both the spaces. If the entries of the sub
matrix rr (i; i + 2, j; j+ 2) are nonzero then two six node triangles can be formed. If rr (i+1, j+
2)=rr (i+2,j+1;,j+2)=0 then one six node triangle can be formed. If the sub matrices rr
(i;i+2, j;j+2)isa (3 x 3) zero matrix , we cannot form the six node triangles. We now explain the
creation of the six node triangles using the rr matrix_of eqn.( ). We can form six node triangles by using
node points of three consecutive rows and columns of rr_ matrix. This procedure is depicted in Fig. 6 for
three consecutive rows i ,i + 1, i + 2 and three consecutive columns j, j+ 1, j + 2 of the rr_ sub matrix

Formation of six node triangle using sub matrix rr

rr (i+2, J+1)
E{H_Zr]} 2 a 1 E{i+2r]+2}
3 “:‘
(ez)
5
rr (i+1, j+1)
rr(i+1, ) r B N 6 T rr(i+l, j+2)
(e1) \‘
—_— 3
1 4 2
rr (i, J) . rr (i, j+2)
B e (i, j+1)

Fig. 6 Six node triangle formation for non zero sub matrix rr

If the sub matrix ( (rr (k, ),k =1i,i+1,i+2),l=j, j+1, j+ 2) is nonzero, then we can construct two
six node triangles. The element nodal connectivity is then given by

(e <rr (i, Dyrr (L, i+2),rr(i+2, j)rr(@,j+Drr(i+1,j+1),rr(i+1,j)>
E)<rr (i+2,j+2),rr(i+2,)),rr(i,j+2),rr(i+2,j+Drr(i+1,j+1),rr

(i+1,j+2)>

If the elements of sub matrix ( e ( k, 1),k =i,i+1,i+2), l=j, j+1, j+ 2) are nonzero, then as
standard earlier, we can construct two six node triangles. We can create three quadrilaterals in each of these
six node triangles. The nodal connectivity for the 3 quadrilaterals created in (e;) are given as

Q3n1—2<cl’ﬂ (l+1, ]), E(l, ])!E(L']+1)>
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Q3n1—1<claﬂ (i,j+1), ﬂ(i,j+2),ﬂ(i+1,j+1)>

Qsn, <Ci,rr (i+1, j+1), rr (i +2 ), rr (i +1,1)> e (7)

and the nodal connectivity for the 3 quadrilaterals created in (e,) are given as

Q3n,—2<Co,rr (i+1, j+2), rr(i+2 j+2),rr(i+2 j+1)>

Qan,—1 <Co,rr (i+2, j+1), rr(i+2 j),rr(@i+1 j+1)>

Qsn, <Co,rr (i+1, j+1), rr (i, j+2),rr(i+1,j+2)> v, (8)
3. Quadrangulation of an Arbitrary Polygon

In a recent paper[ ], a new mesh generation method for a convex polygonal domain was
presented.This method decomposes the convex polygon into simple subregions in the shape of
triangles. These simple regions are then triangulated to generate a fine mesh of triangular elements. We
propose then an automatic triangular to quadrilateral conversion scheme. Each isolated triangle is split into
three quadrilaterals according to the usual scheme, adding three vertices in the middle of the edges and a
vertex at the barrycentre of the element. To preserve the mesh conformity a similar procedure is also applied
to every triangle of the domain to fully discretize the given convex polygonal domain into all
quadrilaterals, thus propagating uniform refinement. This simple method generates a high quality mesh
whose elements confirm well to the requested shape by refining the problem domain.In this paper we have
proposed the decomposition of convex polygonal domain into simple subregions in the shape of
arbitrary quadrilaterals. These simple regions are then quadrangulated as explained in the previous
section.This is further explained in the following Figs.7-8. We consider a convex polygon in Fig.7 which
is divided into four arbitrary quadrilateral,we generate quadrangular mesh over each of them.The exploded
view of the polygonal domain is shown in Fig.8.1t is clear that by pieceing together all the four arbitrary
quadrilateral which are already quadrangulated by the method of previous section,we can obtain the desired
mesh
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3
Figs EXPLODED VIEW OF POLYGONAL DOMAIN WITH FOUR QUADERILATEREALR

5. Application Examples

Mesh Generation Over an Arbitrary Square Region and a Convex Polygon

In applications to boundary value problems, we may have to discretize an arbitrary square region Our
purpose is to have a code which automatically generates convex quadrangulations of the domain by
assuming the input as coordinates of the vertices. We use the theory and procedure developed in section 2
and section 3 of this paper for this purpose. The following MATLAB codes are written for this purpose.

(1) quadrilateral_mesh4arbitrarytriangle_g4.m

(2) coordinate_special_quadrilateral _in_unitsquare.m

(3) nodaladdresses_special_convex_quadrilaterals_inQUAD.m
(4) quadrilateral_mesh4convexpolygoneightsidesq4.m

(5) polygonal_domain_QUADcoordinates. m

We have included some meshes generated by using the above codes written in MATLAB. We illustrate the
mesh generation for a unit square and an arbitrary quadrilateral.Mesh generation for convex polygon with
four arbitrary quadrilaterals(eight sides) is implemented using the codes developed in our earlier paper[26]
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which uses an assembly of arbitrary triangles.Similar MATLAB codes can be developed from the present
theory for a convex polygon which will generate quadrangular mesh by an assembly of arbitrary
quadrilaterals.This is an open problem.Some sample commands to generate these quadrilaterals are included
in comment lines. In all the codes sample input data is included for easy access.

6 Conclusions

An automatic indirect quadrilateral mesh generator which uses the splitting technique is presented
for the two dimensional convex polygonal domains. This mesh generation is made fully automatic and
allows the user to define the problem domain with minimum amount of input such as coordinates of
boundary. Once this input is created, by selecting an appropriate interior point of the convex polygonal
domain, we form the quadrilateral subdomains. These subdomains are then triangulated to generate a fine
mesh of six node triangular elements. We have then proposed an automatic triangular to quadrilateral
conversion scheme in which each isolated triangle is split into three quadrilaterals according to the usual
scheme, adding three vertices in the middle of the edges and a vertex at the barrycentre of the triangular
element. This task is made a bit simple since a fine mesh of six node triangles is first generated. Further, to
preserve the mesh conformity a similar procedure is also applied to every triangle of the domain and this
discretizes the given convex polygonal domain into all quadrilaterals, thus propogating a uniform
refinement. This simple method generates high quality mesh whose elements confirm well to the requested
shape by refining the problem domain. We have also appended MATLAB programs which provide the
nodal coordinates, element nodal connectivity and graphic display of the generated all quadrilateral mesh for
the standard square, an arbitrary quadrilateral, and an arbitrary convex polygonal domain. However, similar
MATLAB codes can be developed from the present theory for a convex polygon which will generate
quadrangular mesh by an assembly of arbitrary quadrilaterals. This is an open problem which requires
careful coding .But the mesh generation will be similar to the ones presented in this paper where an arbitrary
quadrilateral is made up of two arbitrary triangles. The only difference is the nodal connectivity which has to
be done completely for each arbitrary quadrilateral in the sequence of assembly process.This certainly
requires less input of the geometry which has a definite advantage over earlier research work[26]. We
believe that this work will be useful for various applications in science and engineering.
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PROGRAMS

Program(1) quadrilateralmesh_arbitraryquadrilateral_q4
function[]=quadrilateralmesh_arbitraryquadrilateral_g4(nmesh)

%skip=0 or 1

%skip=0,generates meshes for the nodal and coordinate data given for ten cases

%skip=1,generates meshes automatically by dividing sides of triangle into equal sizes of 2,4,6,8,etc......
clf

%skip=1%unit square-1/2<=u,v<=1/2

%skip=2;%arbitrary quadrilateral

%skip=3;%arbitrary quadrilateral(different orientation)

skip=input('enter the value:skip=1%unit square-1/2<=u,v<=1/2 ;skip=2 OR 3;%arbitrary quadrilateral')

syms coord ui vi
for mesh=1:nmesh

figure(mesh)
ndiv=mesh*2;

[ui,vi,nodes,nodetel,nnode,nel]=coordinate_special_quadrilaterals_in_unitsquare(ndiv);
%coordinates for 1-square
switch skip
case 1 %unit square-1/2<=u,v<=1/2
for i=1:nnode
gcoord(i,1)=double(2*ui(i,1)-1)/2;
gcoord(i,2)=double(2*vi(i,1)-1)/2;
end
gcoord

case 2%arbitrary quadrilateral
xx1=1;xx2=5;xx3=4;xx4=2;
yy1=1;yy2=2;yy3=4;yy4=5;

%xx4=1;xx1=5;xx2=4;xx3=2;
%yy4=1;yy1=2;yy2=4;yy3=5;
for i=1:nnode
%gcoord(i,1)=double(xx1+ui(i,1)*(-xx1+xx2)+vi(i,1) *(-xxL1+xx4)+ui(i,1)*vi(i,1) *(xx 1-xx2+xx3-xx4))
%gcoord(i,2)=double(yy1+ui(i,1)*(-yy1+yy2)+vi(i,1)*(-yy1+yya)+ui(i,1) *vi(i,1) *(yy1-yy2+yy3-yy4))
U=double(ui(i,1));V=double(vi(i,1));
if((U+V)<1)
gcoord(i,1)=double(xx1+U*(-xx1+xx2)+V*(-xx1+xx4))
gcoord(i,2)=double(yy1+U*(-yyl+yy2)+V*(-yyl+yy4))
end
if((U+V)==1)
gcoord(i,1)=double(xx2+V*(-xx2+xx4))
gcoord(i,2)=double(yy2+V*(-yy2+yy4))
end

if((U+V)>1)
gcoord(i,1)=double(xx3+(1-U)*(-xx3+xx4)+(1-V)*(-xx3+xx2))
gcoord(i,2)=double(yy3+(1-U)*(-yy3+yy4)+(1-V)*(-yy3+yy2))
end
end
gcoord
case 3%arbitrary quadrilateral
%xx1=1;xx2=5;xx3=4;xx4=2;
%yy1=1;yy2=2;yy3=4;yy4=5;

xx4=1;xx1=5;xx2=4;xx3=2;
yy4=1,yy1=2;yy2=4;yy3=5;

for i=1:nnode
%gcoord(i,1)=double(xx1+ui(i,1)* (-xx1+xx2)+vi(i,1)* (-xx1+xx4)+ui(i,1) *vi(i,1) * (xx1-xx2+xx3-xx4))
%gcoord(i,2)=double(yy1+ui(i,1)*(-yy1+yy2)+vi(i,1)*(-yy1+yya)+ui(i,1) *vi(i,1) *(yy1-yy2+yy3-yy4))
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U=double(ui(i,1));V=double(vi(i,1));

if((U+V)<1)
gcoord(i,1)=double(xx1+U*(-xx1+xx2)+V*(-xx1+xx4))
gcoord(i,2)=double(yy1+U*(-yyl+yy2)+V*(-yyl+yyd))
end

if((U+V)==1)

gcoord(i,1)=double(xx2+V*(-xx2+xx4))
gcoord(i,2)=double(yy2+V*(-yy2+yy4))

end

if((U+V)>1)
gcoord(i,1)=double(xx3+(1-U)*(-xx3+xx4)+(1-V)*(-xx3+xx2))
gcoord(i,2)=double(yy3+(1-U)*(-yy3+yy4)+(1-V)*(-yy3+yy2))
end
end
gcoord

end

[nel,nnel]=size(nodes)
[nnode,dimension]=size(gcoord)

%plot the mesh for the generated data
%x and y coordinates
xcoord(1:nnode,1)=gcoord(1:nnode,1);
ycoord(1:nnode,1)=gcoord(1:nnode,2);
%extract coordinates for each element

if skip==1

for i=1:nel

for j=1:nnel

x(1,j)=xcoord(nodes(i,j),1);
y(1,j)=ycoord(nodes(i,j),1);

end;%j loop
xvec(1,1:5)=[x(1,1),x(1,2),x(1,3),x(1,4),x(1,1)];
yvec(1,1:5)=[y(1,1),y(1,2),y(1,3),y(1,4),y(1,1)];
%axis equal

axis tight
xmin=-0.5;xmax=0.5;ymin=-0.5;ymax=0.5;
axis([xmin,xmax,ymin,ymax]);
plot(xvec,yvec);%plot element

hold on;

%place element number

if mesh<6

midx=mean(xvec(1,1:4));
midy=mean(yvec(1,1:4));
text(midx,midy,['(',num2str(i),')']);

end

end;%i loop

xlabel('x axis')

ylabel('y axis')

stl='quadrilateral mesh for unit square ';
st2=" using ;

st3='bilinear ';

st4="'quadriateral’;

st5=' elements’

title([st1,st2,st3,st4,st5])
text(-0.6,-0.6,['MESH NO.=',num2str(mesh)])
text(-0.2,-0.6,['number of elements=',num2str(nel)])
text(0.2,-0.6,['number of nodes=',num2str(nnode)])

%put node numbers

if mesh<6

for jj=1:nnode
text(gcoord(jj,1),gcoord(jj,2),['0',num2str(jj)1);
end
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end

hold on

%axis off

else

for i=1:nel

for j=1:nnel

x(1,j)=xcoord(nodes(i,j),1);
y(1,j)=ycoord(nodes(i,j),1);

end;%j loop
xvec(1,1:5)=[x(1,1),x(1,2),x(1,3),x(1,4),x(1,1)];
yvec(1,1:5)=[y(1,1),y(1,2),y(1,3),y(1,4),y(1,1)];
%axis equal

axis tight

Xxmin=0;xmax=6;ymin=0;ymax=6;
axis([xmin,xmax,ymin,ymax]);
plot(xvec,yvec);%plot element

hold on;

%place element number

if mesh<6

midx=mean(xvec(1,1:4));
midy=mean(yvec(1,1:4));
text(midx,midy,['(',num2str(i),')']);

end

end;%i loop

xlabel('x axis')

ylabel('y axis')

stl="quadrilateral mesh for arbitrary quadrilateral ';
st2="using ';

st3='bilinear ';

st4="'quadriateral’;

st5=' elements’

title([st1,st2,st3,st4,st5])

text(0.1,0.5,['MESH NO.=',num2str(mesh)])
text(2,0.5,['number of elements=',num2str(nel)])
text(4,0.5,['number of nodes=',num2str(nnode)])

%put node numbers

if mesh<6

for jj=1:nnode
text(gcoord(jj,1),gcoord(jj,2),['o',num2str(jj)1);
end

end

hold on

%axis off

end%switch skip

end%for nmesh-the number of meshes

Program(2): coordinate_special_quadrilaterals_in_unitsquare
function[ui,vi,nodes,nodetel,nnode,nel]=coordinate_special_quadrilaterals_in_unitsquare(n)

%n=number of divisions of the unit square
%n must be even:n=2,4,6,......
syms ui vi wi
ui(1:4,1)=[0;1;1;0];
vi(1:4,1)=[0;0;1;1];
%wi(1:3,1)=[1;0;0];
if (n-1)>0
%BASE OF THE UNIT SQUARE
k=4;
fori=1:n-1
k=k+1;
ui(k,1)=sym(i/n);
vi(k,1)=sym(0);
%wi(kk,1)=sym(1-ui(kk,1)-vi(kk,1));
end
%RIGHT EDGE OF THE UNIT SQUARE
kk=k;
for ii=1:n-1
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kk=kk+1;
ui(kk,1)=sym(1);
vi(kk,1)=sym(ii/n);
%wi(kkk,1)=0;

end;

%top edge of the unitsquare

kkk=kk;

forii=1:n-1
kkk=kkk+1;
ui(kkk,1)=sym(1-ii/n);
vi(kkk,1)=sym(1);
%wi(kkk,1)=0;

end;

%LEFT EDGE OF THE UNIT SQUARE
kkkk=kkk;
foriii=1:n-1
kkkk=kkkk+1;
ui(kkkk,1)=0;
vi(kkkk,1)=sym(1-iii/n);
%wi(kkkk,1)=sym(iii/n);
end
end%if (n-1)>0
%INTERIOR NODES EXIST ONLY FOR N>1
if (n-1)>0
kkkkk=kkkk;
for iiii=1:(n-1)
for jjjj=1:(n-1)
kkkkk=kkkkk+1;
ui(kkkkk,1)=sym(jjji/n);
vi(kkkkk,1)=syml(iiii/n);
% wi(kkkkk,1)=sym(1-ui(kkkkk,1)-vi(kkkkk,1));
end
end
end%if (n-1)>0
%if n==

% num=(1:6)';
%else
num=(1:kkkkk)';

%end
%disp([ui'])
%disp([vi'])
%disp([wi'])
%length(ui)
%length(vi)
%length(wi)

%disp([num ui vi wi])
[eln,nodes,nodetel]=nodaladdressesdspecial_convex_quadrilaterals_in_QUAD(n)
qq=(n+1)*(n+1);
nc=(n)"2/2;

for pp=1:nc

qq=qq+1;

ql=eln(pp,1);

q2=eln(pp,2);

q3=eln(pp,3);
ui(qq,1)=(ui(q1,1)+ui(q2,1)+ui(q3,1))/3;
vi(qq,1)=(vi(q1,1)+vi(q2,1)+vi(q3,1))/3;
%wi(qq,1)=1-ui(qq,1)-vi(qq,1);

end

%disp([ui vi wi])

%length(ui)

%length(vi)

%length(wi)

nnode=qq;

[nel,nnel]=size(nodes);
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num=(1:qq)’;
disp([num ui vi])

%

[nel,nnel]=size(nodes)

PROGRAM(3): nodaladdresses4special_convex_quadrilaterals_in_QUAD.m
function[eln,nodes,nodetel]=nodaladdresses4special_convex_quadrilaterals_in_QUAD(n)
%eln=6-node triangles with centroid
%spqd=4-node special convex quadrilateral
%n must be even,i.e.n=2,4,6,.......
syms mst_tri x
%disp('vertex nodes of the arbitrary linear convex quadrilateral’)
elm(1,1)=1;
elm(n+1,1)=2;
elm((n+1)*(n+1),1)=3;
elm((n+1)*n+1,1)=4;

%generate the nodal addresses for base edge
kk=4;
for k=2:n
kk=kk+1;
elm(k,1)=kk;
end
%generate the nodal addresses for left edge
nni=1;
for i=0:(n-2)
nni=nni+(n+1);
elm(nni,1)=4*n-i;
end
%generate the nodal addresses for right edge
nni=n+1;
for i=0:(n-2)
nni=nni+(n+1);
elm(nni,1)=(n+4)+i;
end
%generate the nodal addresses for top edge
nni=(n+1)A2;
for i=0:(n-2)
nni=nni-1;
elm(nni,1)=(2*n+3)+i;
end
%generate interior nodes
nni=1;jj=0;
for i=1:(n-1)
nni=nni+(n+1);
for j=1:(n-1)
ii=ii+1;
nnj=nni+j;
elm(nnj,1)=4*n+jj;
end
end
%row nodes bottom(base) to top
ii=0;kk=0;
for j=0:n
ii=i+1;
for k=1:(n+1)
kk=kk+1;
row_nodes(jj,k)=elm(kk,1);
end
end
%for jj=(n+1):-1:1
% (row_nodes(jj,:));
%end
%[row_nodes]
rr=row_nodes;
rr
%% % %% % % % % %% % % %% % % %% % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % % %
%element nodal address computations
%n must be an even number
if rem(n,2)==0
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ne=0;N=n+1;

for k=1:2:n

%N=N-2;

i=k;

for j=1:2:N-2
ne=ne+1;

eln(ne,1)=rr(i,j);

eln(ne,2)=rr(i,j+2);

eln(ne,3)=rr(i+2,j);

eln(ne,4)=rr(i,j+1);

eln(ne,5)=rr(i+1,j+1);

eln(ne,6)=rr(i+1,j);

end%i%j

%me=ne

%N-2

%if (N-2)>0

for jj=1:2:N-2

ne=ne+l;

eln(ne,1)=rr(i+2,jj+2);

eln(ne,2)=rr(i+2,jj);

eln(ne,3)=rr(i,jj+2);

eln(ne,4)=rr(i+2,jj+1);;

eln(ne,5)=rr(i+1,jj+1);

eln(ne,6)=rr(i+1,jj+2);

end%jj%i

%end

end%k

end%if rem

%ne

%for kk=1:ne

%[eln(kk,1:6)]

%end

%add node numbers for element centroids

nnd=(n+1)*(n+1);

for kkk=1:ne
nnd=nnd+1;
eln(kkk,7)=nnd;

end

%for kk=1:ne

%[eln(kk,1:7)]

%end

%to generate special quadrilaterals
% and the spanning triangle
mm=0;
for iel=1:ne
for jel=1:3
mm=mm+1;
switch jel
case 1
nodes(mm,1:4)=[eln(iel,7) eln(iel,6) eln(iel,1) eln(iel,4)];
nodetel(mm,1:3)=[eln(iel,2) eln(iel,3) eln(iel,1)];
case 2
nodes(mm,1:4)=[eln(iel,7) eln(iel,4) eln(iel,2) eln(iel,5)];
nodetel(mm,1:3)=[eln(iel,3) eln(iel,1) eln(iel,2)];
case 3
nodes(mm,1:4)=[eln(iel,7) eln(iel,5) eln(iel,3) eln(iel,6)];
nodetel(mm,1:3)=[eln(iel,1) eln(iel,2) eln(iel,3)];
end
end
end

spgd=nodes;

%for mmm=1:mm
%spqd(:,1:4)
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%end

%

%ss1="'number of 6-node triangles with centroid=";
%[p1,q1]=size(eln);

%disp([ss1 num2str(p1)])

%

eln

%

%ss2="number of 4-node special convex quadrilaterals =';
%[p2,q92]=size(spqd);

%disp([ss2 num2str(p2)])

%

PROGRAM(4)
function[]=quadrilateral_mesh4convexpolygoneightsidesq4(n1,n2,n3,nmax,numtri,ndiv,mesh,xlength,ylength)
clf

%(1)=generate 2-D quadrilateral mesh

%for a rectangular shape of domain

%quadrilateral_mesh_q4(xlength,ylength)

%xnode=number of nodes along x-axis

%ynode=number of nodes along y-axis

%xzero=x-coord of bottom left corner

%yzero=y-coord of bottom left corner

%xlength=size of domain alog x-axis

%ylength=size of domain alog y-axis
%quadrilateral_mesh4MOINEX_q4([1;1;1;1;1;1;1],[2;3;4;5;6;7;8],[3;4;5;6;7;8;2],8,1,2,1,1,1)
%quadrilateral_mesh4MOINEX_q4([1;1;1;1;1;1;1],[2;3;4;5;6;7;8],[3;4;5;6;7;8;2],8,4,4,1,1,1)
%quadrilateral_mesh4MOINEX_q4([1;1;1;1;1;1;1;1],[2;3;4;5;6;7;8;9],[3;4;5;6;7;8;9;2],9,1,2,2,1,1)
%quadrilateral_mesh4MOINEX_q4([1;1;1;1;1;1;1;1],[2;3;4;5;6;7;8;9],[3;4;5;6;7;8;9;21,9,4,4,2,1,1)
%quadrilateral_mesh4MOINEX_q4([1;1;1;1;1;1;1;1],[2;3;4;5;6;7;8;9],[3;4;5;6;7;8;9;2],9,1,2,4,1,1)
%quadrilateral_mesh4convexpolygonsixside_q4([1;1;1;1;1;1;1;1],[2;3;4;5;6;7],[3;4;5;6;7;2],7,1,2,5,1,1)
%quadrilateral_mesh4convexpolygonsixside_q4([1;1;1;1;1;1;1;1],[2;3;4;5;6;7],[3;4;5;6;7;2],7,4,4,5,1,1)
%quadrilateral_mesh4convexpolygonsixside_q4([1;1;1;1;1;1;1;1;1],[2;3;4;5;6;7;8],[3;4;5;6;7;8;2],8,1,2,8,1,1)
%quadrilateral_mesh4convexpolygonsixside_q4([1;1;1;1;1;1;1;1;1],[2;3;4;5;6;7;8],[3;4;5;6;7;8;2],8,4,4,8,1,1)
%quadrilateral_mesh4convexpolygoneightsideq4([9;9;9;9;9;9;9;9],[1;2;3;4;5;6;7;8],[2;3;4;5;6;7;8;1],9,1,2,9,1,1)
%[eln,spqd,rrr,nodes,nodetel]=nodaladdresses4special_convex_quadrilateralsQUADtrial([9;9;9;9;9;9;9;9],[1;2;3;4;5;6;7;8],[2;3;4;5;6;7;8;1],
9,1,2)
[coord,gcoord,nodes,nodetel,nnode,nel]=polygonal_domain_QUADcoordinates(n1,n2,n3,nmax,numtri,ndiv,mesh)
[nel,nnel]=size(nodes);

disp([xlength,ylength,nnode,nel,nnel])
%gcoord(i,j),where i->node no. and j->x or y
%

%plot the mesh for the generated data
%x and y coordinates
xcoord(:,1)=gcoord(:,1);
ycoord(:,1)=gcoord(:,2);

%extract coordinates for each element
clf

for i=1:nel

for j=1:nnel

x(1,j)=xcoord(nodes(i,j),1);
y(1,j)=ycoord(nodes(i,j),1);

end;%j loop
xvec(1,1:5)=[x(1,1),x(1,2),x(1,3),x(1,4),x(1,1)];
yvec(1,1:5)=[y(1,1),y(1,2),y(1,3),y(1,4),y(1,1)];
%axis equal

axis tight

switch mesh

case 1

axis([0 xlength 0 ylength])

case 2

axis([0 xlength 0 ylength])

case 3

xl=xlength/2;yl=ylength/2;

axis([-xI xI -yl yl])

case 4
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xl=xlength/2;yl=ylength/2;
axis([-xI xI -yl yl])
case 5
axis([0 xlength 0 ylength])
case 8

axis([0 xlength 0 ylength])
case 9

axis([0 xlength 0 ylength])
end
%
plot(xvec,yvec);%plot element
hold on;
%place element number
if (ndiv<=4)
midx=mean(xvec(1,1:4))
midy=mean(yvec(1,1:4))
text(midx,midy,['[',num2str(i),']']);
end% if ndiv
end;%i loop
xlabel('x axis')
ylabel('y axis')
st1='"Mesh With ';
st2=numa2str(nel);
st3=' Four Noded ';
st4="'Quadrilateral’;
st5=' Elements’
st6='& Nodes='
st7=num2str(nnode);
title([st1,st2,st3,st4,st5,5t6,5t7])
%put node numbers
if (ndiv<=4)
for jj=1:nnode
text(gcoord(jj,1),gcoord(jj,2),['o',num2str(jj)1);
end
end%if ndiv
%axis off

PROGRAM(5) polygonal_domain_QUADcoordinates
function[coord,gcoord,nodes,nodetel,nnode,nel]=polygonal_domain_QUADcoordinates(n1,n2,n3,nmax,numtri,n,mesh)
%nl1=node number at(0,0)for a choosen triangle

%n2=node number at(1,0)for a choosen triangle

%n3=node number at(0,1)for a choosen triangle

%eln=6-node triangles with centroid

%spqd=4-node special convex quadrilateral

%n must be even,i.e.n=2,4,6,....... i.e number of divisions

%nmax=one plus the number of segments of the polygon

%nmax=the number of segments of the polygon plus a node interior to the polygon

%numtri=number of T6 triangles in each segment i.e a triangle formed by

%joining the end poits of the segment to the interior point(e.g:the centroid) of the polygon
%[eln,spqd]=nodaladdresses_special_convex_quadrilaterals_trial(n1=1,n2=2,n3=3,nmax=3,n=2,4,6,...)
%[eln,spgd]=nodaladdresses_special_convex_quadrilaterals_trial([1;1;1;1],[2;3;4;5],[3;4;5;2],5,1,2)
%[eln,spqd]=nodaladdresses_special_convex_quadrilaterals_trial([1;1;1;1],[2;3;4;5],[3;4;5;2],5,4,4)
%[eln,spqd]=nodaladdresses_special_convex_quadrilaterals_trial([1;1;1;1],[2;3;4;5],[3;4;5;2],5,9,6)
%[eln,spgd]=nodaladdresses_special_convex_quadrilaterals_trial([1;1;1;1],[2;3;4;5],[3;4;5;2],5,16,8)
%PARVIZ MOIN EXAMPLE

syms UV W xiyi

switch mesh

case 1%for MOIN POLYGON

x=sym([1/2;1/2;1; 1;1/2;0; 0;0])%for MOIN EXAMPLE
y=sym([1/2; 0;0;1/2; 1;1;1/2;0])%for MOIN EXAMPLE

case 2%for a unit square: 0<=x,y<=1
x=sym([1/2;1/2;1; 1; 1;1/2;0; 0;0])%FOR UNIT SQUARE
y=sym([1/2; 0;0;1/2; 1; 1;1;1/2;0])%FOR UNIT SQUARE

case 3%for A POLYGON like MOIN OVER(-1/2)<=x,y<=(1/2)
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%1 2 34 56 738
x=sym([0; 0;1/2;1/2; 0;-1/2;-1/2;-1/2])
y=sym([0;-1/2;-1/2; 0;1/2;1/2; 0;-1/2])

case 4%for a unit square: -0.5<=x,y<=0.5
%1 2 3456 78
x=sym([0; 0;1/2;1/2;1/2; 0;-1/2;-1/2;-1/2])
y=sym([0;-1/2;-1/2; 0;1/2;1/2;1/2; 0;-1/2])
case 5%for a convexpolygonsixside
% 1 234567
x=sym([0.5;0.1;0.7;1;.75;.5;0])
y=sym([0.5;0;0.2;.5;.85;1;.25])
case 6%standard triangle
x=sym([0;1;0])
y=sym([0;0;1])
case 7%equilateral triangle

x=sym([0;1;1/2])
y=sym([0;0;sqrt(3)/2])

case 8%for a convexpolygonsixside
% 1 2345678
x=sym([0.5;0.1;0.7;1;.75;.5;.25;0])
y=sym([0.5;0;0.2;.5;.85;1;.625;.25])
case 9

% 12345 67 89
x=([.2;0.5;.8;1.0;.75;0.5;0.25;0.0;0.5])
y=([.2;.05;.2;0.5;.85;1.0;0.90;0.6;0.5])
case 10

% 12345 67 89
x=([0.5;.2;0.5;.8;1.0;.75;0.5;0.25;0.0])
y=([0.5;.2;.05;.2;0.5;.85;1.0;0.90;0.6])

end
if (nmax>3)
[eln,spqd,rrr,nodes,nodetel]=nodaladdresses4special_convex_quadrilateralsQUADtrial(n1,n2,n3,nmax,numtri,n)
%[eln,spqd,rrr,nodes,nodetel]=nodaladdresses_special_convex_quadrilateralsQUADtrial(n1,n2,n3,nmax,numtri,n);
end
if (nmax==3)

[eln,spqd,rrr,nodes,nodetel]=nodaladdresses_special_convex_quadrilaterals(n);
end
[U,V,W]=generate_area_coordinate_over_the_standard_triangle(n);
ssl="'number of 6-node triangles with centroid=';
[p1,q1]=size(eln);
disp([ss1 num2str(p1)])
%
eln
%
ss2="number of special convex quadrilaterals elements&nodes per element =';
[nel,nnel]=size(spqd);
disp([ss2 num2str(nel) ',
%
spqd
%
nnode=max(max(spqd));
ss3='number of nodes of the triangular domain& number of special quadrilaterals=";
disp([ss3 num2str(nnode) ',' num2str(nel)])

numa2str(nnel)])

nitri=nmax-1;

if (hmax==3)nitri=1

end

for itri=1:nitri

disp('vertex nodes of the itri triangle')
[n1(itri,1) n2(itri,1) n3(itri,1)]
x1=x(n1(itri,1),1)

x2=x(n2(itri,1),1)
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x3=x(n3(itri,1),1)
%
y1l=y(n1(itri,1),1)
y2=y(n2(itri,1),1)
y3=y(n3(itri,1),1)
rre(:,:,itri)
v
V'
w
kk=0;
for ii=1:n+1
for jj=1:(n+1)-(ii-1)
kk=kk+1;
mms=rrr(ii,jj,itri);
uu=U(kk,1);vv=V(kk,1);ww=W(kk,1);
xi(mm,1)=x1*ww+x2*uu+x3*vv;
yi(mm,1)=y1*ww+y2*uu+y3*vv;
end
end
[xi yi]
%add coordinates of centroid
ne=(n/2)"2;
% stdnode=kk;
for iii=1+(itri-1)*ne:ne*itri
%kk=kk+1;
nodel=eln(iii,1)
node2=eln(iii,2)
node3=eln(iii,3)
mm=eln(iii,7)

xi(mm,1)=(xi(node1,1)+xi(node2,1)+xi(node3,1))/3;
yi(mm,1)=(yi(node1,1)+yi(node2,1)+yi(node3,1))/3;

end

end

N=(1:nnode)’

[N xi yi]

%

coord(:,1)=(xi(:,1));
coord(:,2)=(yi(:,1));
gcoord(:,1)=double(xi(:,1));
gcoord(:,2)=double(yi(:,1));
%disp(gcoord)
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guadrilateral mesh for arbitrary quadrilateral using bilinear quadriateral elerments

6 T T T T
5l —
4+ |
]
23 -
=
2 — -
1 —
MESH NO.=2 number of elements=24 number of nodes=33
o | | | | |
0 1 2 3 4 5 B
¥ axis
guadrilateral mesh for arbitrary guadrilateral using bilinear guadriateral elements
& T T T T T
5 - -
4 _
]
3| .
=
2 — —
1 .
MESH MNO.=3 number of elements=54 rumber of nodes=67
i} | | | | |
0 1 2 3 4 & B
¥ axis

H.T. Rathod® IJECS Volume 3 Issue 5 may, 2014 Page No.6062-6098 Page 6086



guadrilateral mesh for arbitrary guadrilateral using bilinear guadriateral elements
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guadrilateral mesh for unit sguare using bilinear guadriateral elements
1o
t

0.5 g T o — T . : H— : 3
0.4 0 (19 3 (22 7
03+ {15) (18) N
4 3 4 5 10
0.2+ (21 (24) -
0 1
01 13 (14) {16} 17 B
% 0 pt5 26 24 £ 9
01 &) 7) ) (m N
2r ) & 7
7 e} 3
03k £l 12) _
5] 7
04 i @ 2y )] =
0.5 b | | = | | I | | s | | 2
0.5 0.4 0.3 0.2 0.1 1] 0.1 0z 03 0.4 05
¥ axis
MESH NO.=2 nurnber of elements=24 nurnber of nodes=33
guadrilateral mesh for unit sgquare using bilinear guadriateral elements
0.5 g4 T 10 T 18 T 17 T e T 15 T 3
47 (46) B0 49 [55)] )]
0.4+ —
=39 42 45
45 47 49 14
0.3+ (48] 51 GV
2 4
(37 (3 (4m (1) 43) (44)
02+ —
2 i 4+ 2 3 i 13
0t 29 (=8 32 31 £2) B T
2 21 24 27
# 0 ] 7 =} 12
= {300 33 (36)
G &
01 {19) 20 2] (3 &3] i26) =
2 i + 32 3 i 1"
0.2+ —
(11 (10} (143 (13) (17 (16)
03r 3 B) @) B
4 5 7 =} 10
12 {15) {18)
04k 0 2 .
i i@ &Y 3] 7 8
-0.5 L g5 L L b L L - L 2
-0.5 0.4 0.3 0.2 0.1 1] 0.1 0z 0.3 0.4 05
¥ axis
number of elements=54 number af nodes=67

MESH NO.=3

H.T. Rathod® IJECS Volume 3 Issue 5 may, 2014 Page No.6062-6098

Page 6091



guadrilateral mesh for unit sguare using bilinear guadriateral elements
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guadrilateral mesh for unit square using bilinear quadriateral elements
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(3) MESH GENERATION FOR AN EIGHT SIDE CONVEX POLYGON
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