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ABSTRACT- In this paper, we prove analogues of some fixed point results for A-contraction mappings in nonlinear integral

equation.
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1.INTRODUCTION

The result of this note are inspired by a recent paper of
B.E.Rhoades [3,4,5,6] in introduced the contractive type
mapping and used it for solving fixed points problem in
metric spaces. Fixed point theory plays a crucial part in
nonlinear functional analysis and is useful for proving the
existence theorems for nonlinear differential and integral
equations. First important result on fixed points for
contractive type mapping was given by S. Banach [12] in
1922,

The main aim of this paper is to prove the existence
and uniqueness of common fixed point of mapping for a
self map on a metric space by using A-contraction condition
of integral type and its application.

Theoreml. (Banach contraction principle) Let (X; d) be a
complete metric space, Ce(0,)and f: X — X be a
mapping such that for each x, y € X,

d(fx fy)<cd(x,y)

(1)

then f has a unique fixed point a € X, such that for each x
e X, lim f"x=a

nN—o0

An elementary account of the Banach contraction principle
and some applications, including its role in solving
nonlinear ordinary differential equations, is in [13]. The
contraction mapping theorem is used to prove the inverse
function theorem in [14]. A beautiful application of
contraction mappings to the construction of fractals is in
[8]. After the classical result by Banach, Kannan [11] gave a
substantially new contractive mapping to prove the fixed
point theorem. Since then there have been many theorems
emerged as generalizations under various contractive
conditions. Such conditions involve linear and nonlinear
expressions (rational, irrational, and general type). The

intrested reader who wants to know more about this matter
is recommended to go deep

into the survey articles by Rhoades [3,4,5,6] and Bianchini
[10], and into the references therein.

1.1. Definition
A-contractions difined as follows:
Let a non-empty set A consisting of all functions

a,:R® >R, satisfying: (Al): « is continuous on the
set Rf of all triplets of non-negative real (with respect to

the Euclidean metric onR®). (A2): a<kb for some
k €[0,1) whenever a<a(a,b,b)ora<a(b,a,b)) or
a<a(b,b,a) foralla,b.

1.2. Definition
A self-map T on a metric space X is said to be A-
contraction, if it satisfies the condition

d(™x Ty) <a(d(x,y),d(x,Tx),d(y,Ty))

for all x; ye X and somea € A. In 2002, A.Branciari[1]
analyzed the existence of fixed point for mapping T defined
on a complete metric space (X, d) satisfying a general
contractive condition of integral type in the following
theorem.

Theorem 1.3. (Branciari) Let (X; d) be a complete metric
space, ¢ € (0,1) and let T : X — X be a mapping such
that for each x,y € X,

d (Tx,Ty) d(x,y)
jo pt)dt<c jo p(t)dt

where @ :[0,400) —[0,+) is a Lesbesgue-integrable
mapping which is summable (i.e. with finite integral) on
each compact subset of [0,+00), non-negative, and such
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that for each & > O,Egp(t)dt >0, then T has a unique

fixed point a€ X such that for each xe X, limT"x=a.

Nn—o0

After the paper of Branciari, a lot of research works have
been carried out on generalizing contractive conditions of
integral type for different contractive mappings satisfying
various known properties. A fine work has been done by
Rhoades[3] extending the result of Branciari.

In 2002, A.Branciari[1] analyzed the existence of
fixed point for mapping T defined on a complete metric
space (X, d) satisfying a general contractive condition of
integral type in the following theorem.

In 2012, Saha and Dey, [9] analyzed the existence of
fixed point for mapping T defined on a complete metric
space (X, d) satisfying a A- contractive mapping of integral
type in the following theorem.

Theorem 1.4. Let T be a self-mapping of a complete metric
space (X; d) satisfying the following condition:

d (Tx,Ty)
J;

(t)dt<a(j “? oyt [

for each x; y € X with some a< A, where
@ :[0,+0) — [0,+0) is a Lesbesgue-integrable mapping
which is summable (i.e. with finite integral) on each
compact subset of [0,+20), non-negative, and such that for

each £ >0, jogqo(t)dt >0,

then T has a unique fixed point ze X such that for each
xeX, limT"x=z.
n—o0

In a very recent paper, Dey,Ganguly and Saha
[7] proved some fixed point theorems for mixed type of
contraction mappings of integral type in complete metric
space. Motivated and inspired by these consequent works,
we introduce the analogues of some fixed point results for
A-contraction mappings in integral setting which in turn
generalize several known results. Also we have analyzed the
existence of fixed point of mapping over two related metrics
due to [2] in integral setting. Our results substantially
extend, improve, and generalize comparable results in the
literature.

2.Main results

Theorem 2.1. Let(x,d) be a complete metric space and
S,T,P:X— X satisfying the following condition

(i)

J-d(SPx,TPy)

(t)dt, j 4

compact subset of [0,+20) , non-negative, and such that for

each £ >0, Iogw(t)dt >0,

Further assume that SP=PS or TP=PT,
then S,T and P have common unique fixed pointin ze X.

Proof:- Let X, € X be an arbitrary point. For each integral
n >1,We define a sequence {X,} as

Xoney = OPX,,,N=0123,...... and

Xoneo = T1PX,,.4,N=0123,...
Let a, = d (Xn ) Xn+1)
)
Putting X, = X,, and Y =X, forall n>1
We get from (2.1)

d(SPXZWTPX2n~1) d(XZHwXerl) d(XvaSPXZn) d(XZH-lvTPXZM) d(SPXvaTPXZnA)
R N [

ol |

0 0 0 0

d(XZ d(XZn XZM) J‘d(XZnA!XZM)

oo

Fom (2),we get,

J‘d(xznwxzm) 0 t

ol [

[ (t)dt<a(j o, [ ot)dt, [ p)ct, Lam(o(t)dtj
)

Ifa,,,, > ay, then

[ (t)dt<aU " o)dt, [ o, [ o), j:z”“gp(t)dt)

Azni1
< [, et @
Which is contracdition. Hence a,,, <a,,,n>1
Similarly by putting X = X, ,and Y = X, in (2.1)
We can show that a,,,, <a,,, , N>1
Thus a,,, <a,,
So that {an} is a decreasing sequence of non negative real

number and hence convergent to somea € R . (5)
From (4) and (5) for all n > 1,obtain

J," edt< [ ot [ " ot)dt, [ o0t [ o)t

d (SPx,TPy)

;oo of [ o0t [ o [ e o 08 o

(ii) One of three mapping S, T and P is continuous.

(iii) For each x; y € X with some « € A, where
@ :[0,+0) — [0,+0) is a Lesbesgue-integrable mapping
which is summable (i.e. with finite integral) on each

Summing up we obtain
> [ ot < [* p(t)dt <co
= do —Jo

Again from (5) {a,} is convergent and a, —>a as
N — oo Which implies that a=0, that is
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a=d(X,,,X,) —>0as n— o
(6)
We next prove that {X,} is a Cauchy sequence , in view of
(5) it is sufficient to prove that {X,, };~, = {X,} is Cauchy
sequence. If {X,, },~, is not Cauchy sequence of natural
number  {2mk,{2nk} such that nk > mk,
d (Xomis Xon) = €

d (X2mk’ X2nk71) <&

()
Then by (8)

& <d (Xomes Xonk ) < A (Xamicr Xonk-1) + A (Xommies Xona)

<& +d(Xonks Xonk_1)

Making K —> oo in the above inequality by virtue of (5)
We obtain

Ilm d (Xka’ X2nk) =&
n—w

(08)

Forallk=1,2,3........

d (X2nk+1’ X2mk) = d (X2nk+1’ X2nk) + d (X2nk ’ X2mk)

(09)
Also for all k=1,2,3,........

d (X2nk ’ X2mk) = d (X2nk ’ X2nk+1) + d (X2nk+1’ X2mk)

(10)
Making K —> oo in (6) and (7) respectively, by using (4)
and (5), we have
lIm d (X010 Xom) < € and & < lim d (X, 40 Xom)
k—o0 k—o

lim d (X400 Xom@g) =€ for all k= 1,2,3,.....
k—00
(11)

J.Og p(t)dt < Jj o(t)dt then

The above inequality give a contradiction so that £ =0.
This establishes sequence and hence convergence in (X,
d).

Let X, >ZasN—>»

Putting X = X,, and x=y in (2.1) for all n=1,2,3,.........

jd (Xope TPZ) d(z,TPz)

Making N — oo in the above inequality, by using (5) and
(11), we obtain

d(z,TPz) d(z,TPz)
jo pt)dt < jo p(t)dt

Ifd(z,TP2z) =0,
Which is a contradiction. Hence, we obtain
d(z, TPz) = 0,0r z = TPz in an exactly similarly way to

prove z = SPz
Thus SPz = z = TPz
(12)

Also fallows that z is the common fixed point of SP and
TP.
Suppose S is continuous,then

S?Px,, = Sz,SX,, = Sz .If SP = PS.
Then putting X = SX,,, Y = X,,,; in (2.1),

d(X,2) 0 (XoqXane1) . 0 (Xpqg,TPZ
ol [ gttt [ ol [ ottt |

Jd(sszm,n

0("Pagn TPYy.1) d(SKyn Xon.1) 0 (Sty0,8°Pty) 0 (4., TPhgp.1)

| o< [l [ o, [ i ]
—

(sz,2) d(Sz,z) d(Sz,5z) d(z,2) d(Sz,z)
ot [ ot [ ottt [T o)t [ o)t

d (X2n(k) ) X2m(k)—1) <d (X2n(k) ) X2m(k)) +d (X2m(k) ) X2m(k:);1)

Taking K — oo in the above two inequalities and using (7)
and (8) we obtain

lim d (ink ' X2m—1) =&
—0

Putting X=X, and Y =X,,,_; in (2.1), for all k=1, 2,

3,
We obtain

0 (Xansn Xomk ) d (Xari Xnic-1) d (X Xomk-1) 0 (mc1 Xomk ) 0 (Xansn Xomk )
ot [ gty [T ottt [ (e, [T gt

0

Making K — oo in the above inequality and taking into
account the continuity of and by (5), (9), (10). WE have,

d(sz,z) d(Sz,z)
— jo p(t)dt < jo p(t)dt

It is a contradiction, if Sz # Z ,hence Sz = z.

Hence by (12) Tz=z = Sz.

Similarly if TP = PT, thenalsoPz=z=Sz =Tz

Hence this z is a common fixed point of S,T,P.Thus the
theorem is proved

Application

Let X={0,1,2,3,4}and d be the usual metric of real.
Let T : X — X be agiven by
Tx =2, ifx=0
=1, otherwise
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Again let @R, —> R, be given by ¢(t)=1 for
allteR, .
Then ¢@:[0,+00) —[0,4+00) is a Lesbesgue-integrable
mapping which is summable (i.e. with finite integral) on
each compact subset of [0,+00) , non-negative, and such that
foreachg >0, IOS o(t)dt >0,

Example

A self-map T satisfying
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