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Abstract

In this paper we introduce cone metric spaces, prove some fixed point theorems of contractive mappings on cone metric spaces.

In this paper, we replace the real numbers by ordering Banach space and define cone metric spaces (X, d ). We discuss some
properties of convergence of sequences. We prove some fixed point theorems for contractive mappings. Our results generalized
some fixed point theorems in metric spaces.
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Introduction:

Cone metric space:
In this section we shall define cone metric spaces and prove some properties.

Let E always be a real Banach space and P a subset of E. P is called a cone if and only if:
(i) P isclosed, nonempty, and P = {0};

(i) a,beR,a,b>0,x,yeP=>ax+byeP;

(iif) xe Pand —xeP =x=0.

Given a cone P c E, we define a partial ordering < with respect to P by x<y if and only if y — x € P . We shall write x <y to
indicate that x<y but x#y, while x<<'y will stand for y — x € int P, int P denotes the interior of P .

The cone P is called normal if there is a number K > 0 such that for all x, y € E,
0< x<y implies [[x]| < K]lyll.

The least positive number satisfying above is called the normal constant of P .
The cone P is called regular if every increasing sequence which is bounded from above is convergent. That is, if {x,} is
sequence such that

XS XS e <X oSy

for some y € E, then there is x € E such that ||Xn - X||—> 0 (n — ). Equivalently the cone P is regular if and only if every
decreasing sequence which is bounded from below is convergent. It is well known that a regular cone is a normal cone.

In the following we always suppose E is a Banach space, P is a cone in E with int P = @ and < is partial ordering with
respect to P.

Definition 1. Let X be a nonempty set. Suppose the mapping d : X x X — E satisfies
(d1)0<d(x,y) forallx,y € Xand d(x,y) =0 ifand only if x = y;

(d2) d(x, y) = d(y, x) forall x,y € X;

(d3) d(x,y) <d(x, z) + d(y, z) forall x,y,z € X.

Then d is called a cone metric on X, and (X, d ) is called a cone metric space.
It is obvious that cone metric spaces generalize metric spaces.

Example 1. Let E=R* P={(x,y) EE|x,y >0} c R’ X=Rand d : X x X — E such that d(x, y) = (X — y}, a[x — y|), where a >
0 is a constant. Then (X, d ) is a cone metric space.
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Definition 2. Let (X, d ) be a cone metric space. Let {x,} be a sequence in X and x € X. If for every ¢ € E with 0 << ¢ there is N
such that for all n > N, d(x,, X) << ¢, then {x,} is said to be convergent and {x,} converges to X, and x is the limit of {x,}. We

denote this by
limx,=x or X,—x (n— ).
N—oo

Lemma 1. Let (X, d ) be a cone metric space, P be a normal cone with normal constant K . Let {x,} be a sequence in X. Then
{x,} converges to x if and only if d (X,, X) > 0 (N — ).

Proof. Suppose that {x,} converges to x. For every real & > 0, choose ¢ € E with 0 << c and K K||C|| <e&. Then there is N, for all
n>N,d (X, X) <<c. Sothat whenn >N,

||d (X, X)|| < K||C|| <¢. This means d (X, X) — 0 (N — ).

Conversely, suppose that d (x,, X) — 0 (n — ). For ¢ € E with 0<< c, there is d > 0, such that x < impliesc —x € int P . For
this ¢ there is N, such that for alln > N, ||d (Xn,x)||< 4. S0 ¢ — d(X,, X) € int P . This means d(x,, X)<< c. Therefore {x,} con-
verges to X.

Lemma 2. Let (X, d ) be a cone metric space, P be a normal cone with normal constant K . Let {x, } be a sequence in X. If {x,}
converges to x and {x,} converges to y, then x =y. That is the limit of {x,} is unique.
Proof. For any ¢ € E with 0<< c, there is N such that for all n > N, d(x,, X)<< c and d(xy,, y) << c. We have

d(x, y) <d(Xn, X) + d(xn, y) < 2c.

Hence ||d (X, y)|| <2 K||C|| . Since c is arbitrary d(x, y) = 0; therefore x = y.

Definition 3. Let (X, d ) be a cone metric space, {Xn} be a sequence in X. If for any ¢ € E with 0 << ¢, there is N such that for all
n,m>N,d (X, Xm) <<c, then {x,} is called a Cauchy sequence in X.

Definition 4. Let (X, d ) be a cone metric space, if every Cauchy sequence is convergent in X, then X is called a complete cone
metric space.

Definition 5. Let (X, d) be a cone metric space. If for any sequence {x,} in X, there
is a subsequence {x.} of {x,} such that {x,} is convergent in X. Then X is called a
sequentially compact cone metric space.

Lemma 3. Let (X, d) be a cone metric space, {xX,} be a sequence in X. If {x,} converges to x, then {x,} is a Cauchy sequence.

Proof. For any ¢ € E with 0 << ¢, there is N such that for all n, m > N, d(x,, X) << ¢/2 and d (X, X) << ¢/2. Hence d(Xp, Xm) <<
d(Xn, X) + d(Xm, X) << c. Therefore {x,} is a Cauchy sequence.

Lemma 4. Let (X, d ) be a cone metric space, P be a normal cone with normal constant K . Let {x,} be a sequence in X. Then
{x,} is a Cauchy sequence if and only if
d(Xn, Xm) — 0 (N, M — o0).

Proof. Suppose that {x,} is a Cauchy sequence. For every ¢ > 0, choose ¢ € E with 0 << ¢ and K||C|| <¢. Then there is N, for all
n, m > N, d(X,, Xm)<< ¢. So that when n, m >N,
||d (%, y)|| < K||C|| <& This means d (X, Xm) — 0 (N, M — o).

Conversely, suppose that d(X,, Xm) — 0 (N, m — o0). For ¢ € E with 0 << c, there is d > 0, such that x < implies ¢ — X € int P
. For this & there is N, such that for all n, m > N , ||d (Xn,Xm)”s K||C||< £. S0 ¢ — d(X,, Xm) € int P . This means d(X,, Xn) << C.
Therefore {x,} is a Cauchy sequence.

Lemma 5. Let (X, d ) be a cone metric space, P be a normal cone with normal constant K . Let {x,} and {y,} be two sequences in
Xand x, — X, Y, — Y (" — o0). Then
d(Xn, yn) = d(x,y) (N — ).

Proof. For every ¢ > 0, choose ¢ € E with 0 << ¢ and ||C||< Yn — Y, there is N such that for all n > N, d(x,, X) << c and

&
4K +2
d(Yn, ) << c. We have

d(Xn, Yn) < d(Xn, X) + d(X, y) +d(yn, y) < d(x, y) +2c,
d(X, y)< d(Xn, X) + d(Xn, Yn) + d(yn, y) <d(Xn, yn) + 2c.

Therefore d(X,,Y,) = d(X,Y) (n—wx)



DOI: 10.18535/ijecs/v5i10.20

References:

[1] D. F. Bailey, Some theorems on contractive mappings, J. London Math. Soc. 41 (1966), 101-
106. MR 0189007

[2] L. P. Belluce and W. A. Kirk, Fixed-point theorems for certain classes of nonexpansive mappings, Proc.
Amer. Math. Soc. 20 (1969), 141-146. MR 0233341,10.1090/S0002-9939-1969-0233341-4

[3] Rosa Maria Tiberio Bianchini, Su un problema di S. Reich riguardante la teoria dei punti fissi, Boll. Un.
Mat. Ital. (4) 5 (1972), 103-108 (lItalian, with English summary). MR 0308875

[4] D. W. Boyd and J. S. W. Wong, On nonlinear contractions, Proc. Amer. Math. Soc. 20 (1969), 458-
464. MR 0239559, 10.1090/S0002-9939-1969-0239559-9

[5] S. K. Chatterjea, Fixed-point theorems, C. R. Acad. Bulgare Sci. 25 (1972), 727-730. MR 0324493


http://www.ams.org/mathscinet/search/authors.html?authorName=Bailey%2C%20D.%20F.
http://www.ams.org/mathscinet-getitem?mr=0189007
http://www.ams.org/mathscinet/search/authors.html?authorName=Belluce%2C%20L.%20P.
http://www.ams.org/mathscinet/search/authors.html?authorName=Kirk%2C%20W.%20A.
http://www.ams.org/proc/1969-020-01/S0002-9939-1969-0233341-4/
http://www.ams.org/proc/
http://www.ams.org/proc/
http://www.ams.org/proc/1969-020-01/
http://www.ams.org/mathscinet-getitem?mr=0233341
http://www.ams.org/proc/1969-020-01/S0002-9939-1969-0233341-4/
http://www.ams.org/mathscinet/search/authors.html?authorName=Tiberio%20Bianchini%2C%20Rosa%20Maria
http://www.ams.org/mathscinet-getitem?mr=0308875
http://www.ams.org/mathscinet/search/authors.html?authorName=Boyd%2C%20D.%20W.
http://www.ams.org/mathscinet/search/authors.html?authorName=Wong%2C%20J.%20S.%20W.
http://www.ams.org/proc/1969-020-02/S0002-9939-1969-0239559-9/
http://www.ams.org/proc/
http://www.ams.org/proc/1969-020-02/
http://www.ams.org/mathscinet-getitem?mr=0239559
http://www.ams.org/proc/1969-020-02/S0002-9939-1969-0239559-9/
http://www.ams.org/mathscinet/search/authors.html?authorName=Chatterjea%2C%20S.%20K.
http://www.ams.org/mathscinet-getitem?mr=0324493

