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Abstract: This paper deals with a finite element method involving Petrov-Galerkin method with quintic B-splines as basis functions and
septic B-splines as weight functions to solve a general fifth order boundary value problem with a particular case of boundary conditions.
The basis functions are redefined into a new set of basis functions which vanish on the boundary where the Dirichlet type of boundary
conditions are prescribed. The weight functions are also redefined into a new set of weight functions which in number match with the
number of redefined basis functions. The proposed method was applied to solve several examples of fifth order linear and nonlinear
boundary value problems. The obtained numerical results were found to be in good agreement with the exact solutions available in the

literature.
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1. Introduction

In this paper, we consider a general fourth order boundary
value problem

2,(x) Yy () +2,(x) y (x) +,(x) y"'(x) +a;(x) y"(X) (1)
+a,(X)y'(x) +a;(x)y(x) =b(x),c < x<d

subject to boundary conditions

y(€) = A, y(d)=Cpy'(c) =A,Y'([d)=C.y"(©)=A, ()
where Ay, A, A,,C,, C, are finite real constants and

8, (), a,(x), a,(x), 3;(x), a,(x), a;(x) and b(x)

are all continuous functions defined on the interval [C, d].

The fifth order boundary value problems occur in the
mathematical modelling of the viscoelastic flows and other
branches of mathematical, physical and engineering sciences
[1, 2]. The existence and uniqueness of the solution for these
types of problems have been discussed in Agarwal [3]. Finding
the analytical solutions of such type of boundary value
problems in general is not possible. Over the years, many
researchers have worked on boundary value problems by using
different methods for numerical solutions [4-13]. Wazwaz [4]
developed the solution of special type of fifth order boundary
value problems by using the modified Adomain decomposition
method and he provided the solution in the form of a rapidly
convergent series, Siddiqi et al. [5] presented the solution of a
special case of linear fifth order boundary value problems by
using quartic spline functions, Rashidinia et al. [6] presented
the solution of a special case of linear fifth order boundary
value problem by using non-polynomial spline functions
techniques, Noor and Sayed [7] applied the Homotopy
perturbation method for solving fifth order boundary value
problems, Caglar and Caglar [8] presented the Local
polynomial regression method to solve the special case of fifth

order boundary value problems, Gamel [9] presented the
solution of fifth order boundary value problems by Sinc-
Galerkin method, Syam and Ahili [10] presented combination
of Adomain decomposition method and the Homotopy method
to solve a fifth order singularly perturbed boundary value
problem arising in viscoelastic flows, Zhao [11] developed the
solution of fifth order boundary value problems by variational
iteration method, Lamnii et al. [12] developed the sextic spline
collocation method to solve special case of fifth order
boundary value problems, Kasi Viswanadham and Sreenivasulu
[13] developed the quartic B-spline Galerkin method to a
general solve fifth order boundary value problem. So far, fifth
order boundary value problems have not been solved by using
Petrov-Galerkin method with quintic B-splines as basis
functions and septic B-splines as weight functions . This
motivated us to solve a fifth order boundary value problem by
Pertrov-Galerkin method with quintic B-splines as basis
functions and septic B-splines as weight functions.

In this paper, we try to present a simple finite element method
which involves Petrov-Gelerkin approach with quintic
B-splines as basis functions and septic B-splines as weight
functions to solve the fifth order boundary value problem of the
type (1)-(2). This paper is organized as follows. Section 2,
deals with the justification for using Petrov-Galerkin Method.
In section 3, the definition of quintic B-splines and septic
B-splines has been described. In section 4, description of the
Petrov-Galerkin method with quintic B-splines as basis
functions and septic B-splines as weight functions has been
presented and in section 5, solution procedure to find the nodal
parameters is presented. In section 6, the proposed method is
tested on several linear and nonlinear boundary value
problems. The solution to a nonlinear problem has been
obtained as the limit of a sequence of solution of linear
problems generated by the quasilinearization technique [14].
Finally, in the last section, the conclusions are presented.
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2. Justification for using Petrov-Galerkin
method

In Finite Element Method (FEM) the approximate solution can
be written as a linear combination of basis functions which
constitute a basis for the approximation space under
consideration. FEM involves variational methods like Rayleigh
Ritz method, Galerkin method, Least Squares method, Petrov-
Galerkin method and Collocation method etc.

In Petrov-Galerkin method, the residual of approximation is
made orthogonal to the weight functions. When we use Petrov-
Galerkin method, a weak form of approximation solution for a
given differential equation exists and is unique under
appropriate conditions [15, 16] irrespective of properties of a
given differential operator. Further, a weak solution also tends
to a classical solution of given differential equation, provided
sufficient attention is given to the boundary conditions [17].
That means the basis functions should vanish on the boundary
where the Dirichlet type of boundary conditions are prescribed
and also the number of weight functions should match with the
number of basis functions. Hence in this paper we employed
the use of Petrov-Galerkin method with quintic B-splines as
basis functions and septic B-splines as weight functions to
approximate the solution of fifth order boundary value
problem.

3. Definition of quintic B-spline and
Septic B-spline

The quintic B-splines and septic B-splines are defined in [18]-
[20]. The existence of quintic spline interpolate s(x) to a
function in a closed interval [c, d] for spaced knots (need not
be evenly spaced) of a partition ¢ = Xy < Xy <..< xp 1 < X,=d
is established by constructing it. The construction of s(x) is
done with the help of the quintic B-splines. Introduce ten
additional knots X.s, X.4, X3, X2, X-1, Xn+1, Xn+2, Xn+3, Xn+a @NA Xnes
in such a way that

X 5<X4<X3<X2<X.1<Xo and Xn<Xn+1<Xn+2<Xn+3<Xn+4< Xp+5.

Now the quintic B-splines B, (X)'s are defined by

i+3 _v\5
B/(X)=<r=i3 7'(X,)
0, otherwise
where
(x, _X)i: (Xr—X)5 3 if X >x
01 If Xr <X
i+3
and  7(X)= H (x—X.)
r=i-3

where {B.(X), B.1(X), Bo(X), Bi(x),...,Bn(X), Bnr1(X), Bn+2(X)}
forms a basis for the space 55(72) of quintic polynomial

splines. Schoenberg [20] has proved that quintic B-splines are
the unique nonzero splines of smallest compact support with
the knots at

X5<X 4 <X 3 <X <X KoK < s <y 1 <Ky <Xt K2 <X+3

<Xn+4< Xn+5.

In a similar analogue septic B-splines R;(x)'s are defined by

i+4 —_vY’
M’ X €[X 41 Xi0]
R() =14 7'(x,)
0, otherwise
where
i+4
and 70 =] (x-x)
r=i-4

where { R3(X), Ra(X), Ra(X), Ro(X), Ri(x),.... Raa(X), Rn(X),
Rn+1(X), Ros2(X), Rn+3(x)} forms a basis for the space S, () of

septic polynomial splines with the introduction of four more
additional knots X ,, X ¢, X,,¢, X,,; t0 the already existing knots

—6! 'n+67 n+7
X t0 X,,s. Schoenberg [20] has proved that septic B-splines

are the unique nonzero splines of smallest compact support
with the knots at
X7< X <X 5<X4 <X 3 <X p<X_1<Xo<X1<...

Xn-1 <Xn<Xn+1<Xn+2<Xn+3<Xn+4<Xn+5< Xn+6< Xn+7.

4. Description of the method

To solve the boundary value problem (1) subject to boundary
conditions (2) by the Petrov-Galerkin method with quintic B-
splines as basis functions and septic B-splines as weight
functions, we define the approximation for y(X) as
n+2
y(x) = Z a;B; (X) 3)
j:_
where a;s are the nodal parameters to be determined and
B;(x)'sare quintic B-spline basis functions. In Petrov-

Galerkin method, the basis functions should vanish on the
boundary where the Dirichlet type of boundary conditions are
specified. In the set of quintic B-splines {B.(x), B.i(X),
Bo(x), ..., Bn(X), Bn+1(X), Bnia(X)}, the basis functions B_(x),
B»l(X)! Bo(X), Bl(x)! BZ(X)I Bn-Z(X)l Bn—l(x)i Bn(X), Bn+l(X) and
B.+2(X) do not vanish at one of the boundary points. So, there is
a necessity of redefining the basis functions into a new set of
basis functions which vanish on the boundary where the
Dirichlet type of boundary conditions are specified. The
procedure for redefining of the basis functions is as follows.

Using the definition of quintic B-splines and the Dirichlet
boundary conditions of (2), we get the approximate solution at
the boundary points as

y(C):y(Xo):Zﬂij(Xo)z'Ab 4)
V(@)= y(x) = > £B,(x)=C, ®

Eliminating « , and «,,,from the equations (3), (4) and (5),

n+2

we get
n+l
y(x)=w(x)+ > a;P,(x) (6)
j=—1
where
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A
w(x)= B, (x)+ B,.2(X) ™
B,(%) M( S
B;(X) - B, (%) B, (x), j=-10,12
B.,(%)
: ®)
P (X)=1B;(x), j=3,4,..,n-3
B; () - (( )) B,.,(X), j=n-2n-1,nn+l1

The new set of basis functions in the approximation y(x) is
{F;(¥),j=-10,...n+L. Here w(x) takes care of given set of

Dirichlet boundary conditions andP,(x)'s vanish on the

boundary. In Petrov-Galerkin method, the number of basis
functions in the approximation should match with the number
of weight functions. Here the number of basis functions in the
approximation is n + 3, where as the number of weight
functions is n+7. So, there is a need to redefine the weight
functions into a new set of weight functions which in number
match with the number of basis functions. The procedure for
redefining the weight functions is as follows:

Let us write the approximation for v(x) as
n+3

v(X)= Z,BjRj (X) 9)

j=3
where R, (x)'sare septic B-splines and here we assume that

above  approximation v(x) satisfies corresponding
homogeneous boundary conditions of the given boundary
conditions (2). That means v(x) defined in (9) satisfies the
conditions

v(c)=0,v(d)=0,v'(c)=0,v'(d)=0

Applying the boundary conditions (10) to (9), we get the
approximate solution at the boundary points as

(10)

v(e) =V(x,) = ]iaﬂj R, () =0 )
v(d)=v(x,) = an:zﬂ R. (X )=0 (12)
V(©) =V (%) = :iﬁ,-R;(xo) ~0 13
vi(d) = v(x)—JnZi,BR(x) 0 (14)

Eliminating g ,, g,, g, and B .
(11) to (14), we get the approximation for v(x) as

n+1

from the equations (9) and

S (%)

S,L(x), j=-10123
S, (%) (16)
T,(x)=14S,(x), j=4,5,.,n-4
Si(x,) )
S(X)— 00 S,.,(X), j=n-3,n-2,n-1nn+1
R(Xo) .
- =-2,-1,0,1,2,3
R;(x) R (%) RL(¥), ] (17)
Sj(x)_ Rj(x)! j:4,5,...,n—4
R(X) )
Rj(x) ) R.s(X), j=n-3n-2,n-1,nn+ln+2

Now the new set of weight functions for the approximation v(x)
is {T,(x), j =—1,0,...,n+1}. HereT; (X) 's and their derivatives
vanish on the boundary.

Applying the Petrov-Galerkin method to (1) with the new set of
basis functions {P,(¥),j=-10,..,n+1} and with the new set of

weight functions {T;(x), j =—-1,0,...,n+1}, we get

I[ao )+ 8,0y () + 2,9y + 3,(X)y" () + 2,09y (X

y] T (x) jb

%

(18)
T.(x)dx for i=-1,0,.
Integrating by parts the first term on the left hand side of (18)

and after applying the boundary conditions prescribed in (2),
we get

fao(x)y@(x)Ti(x)dx=%[ao(x)ﬂ(x)]xn y'(,)
)

(19)

o ENCOUTE0) NN B0 1) e

[ao(x>T 0], A+ I 9 o om0y 0 o

Substltutmg (19) in (18) and using the approximation for y(x)
given in (6), and after rearranging the terms for resulting
equations, we get system of equations in the matrix form as

Aa =B
where A = [aIJ 1

(20)

&; :Ixn{ai(X)Ti(X)P_(“)(x)+a2(x)Ti OOIP,"(X) + a5 (X)T, (X)P"(x)
L2, (OT 001+ 2,COT (TP +25 0T, (9P, 0o

d "
* g P I L, Py (x,)

V(X)= Z'BiTJ (X) (15) for i=-1,0,...,n+1; j=-1,0,..., n+1. (21)
= B= [bi];
where
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b = j:o {b(x)T, (x) €&, ()T, QW' (x) +a, (X)T; (X)W (x)
+a, ()T, ()W (x) + [%[aO ()T, ()] +a, ()T, (x)w'(x)

2

2, (T, COWOF Ty (9T, (9, W (x,)
-2 fawmel. A+ Sofamme), ¢

- [T (0], A

fori=-1,0, ..., n+1. (22)

and
a=[a,aq,..a,,].

5. Solution procedure to find the nodal parameters

A typical integral element in the matrix A is
n-1
2
m=0
where | =jxmvi(x)rj (X)Z(x)dx and r (x) are the quintic B-

spline basis functions or their derivatives. v.(x) are the septic
B-spline weight functions or their derivatives. It may be noted
that Im = 0 If (Xi—4' Xi+4) ﬁ(Xj73, Xj+3) m(xm' Xm+l) = @ )

To evaluate each | _, we employed 7-point Gauss-Legendre

m
quadrature formula. Thus the stiffness matrix A is a thirteen
diagonal band matrix. The nodal parameter vector ¢ has been
obtained from the system Aa=B using the band matrix
solution package. We have used the FORTRAN-90 program to
solve the boundary value problems (1) - (2) by the proposed
method.

6. Numerical results

To demonstrate the applicability of the proposed method for
solving the fifth order boundary value problems of the type (1)
and (2), we considered two linear and two nonlinear boundary
value problems. The obtained numerical results for each
problem are presented in tabular forms and compared with the
exact solutions available in the literature.

Example 1: Consider the linear boundary value problem
y® +xy = (L— X)cosx — 5sinx + xsinx )
—x%sinx,0< x <1

subject to

y(0) =y(®)=0,y'(0)=1, y'(Q) =—sind, y"(0) =-2.
The exact solution for the above problem is y=(1-x)sinx.

The proposed method is tested on this problem where the

Table 1: Numerical results for Example 1

X Absolute error by the
proposed method
0.1 2.086163E-06
0.2 2.592802E-06
0.3 1.095235E-05
0.4 8.106232E-06
0.5 2.366304E-05
0.6 1.525879E-05
0.7 2.045929E-05
0.8 3.412366E-06
0.9 4.082918E-06

Example 2: Consider the linear boundary value problem
y© +y® 12y =e[-4e%* (-3+ X)cosx

—(1—-x+4e*(5+ 2x))sinx], 0<x<1
subject to

y(0)=y@®) =0, y'(0)=-1 y'(1) =esinl, y"(0) =0.
The exact solution for the above problem is y = e* (x —1)sinx.

The proposed method is tested on this problem where the
domain [0, 1] is divided into 10 equal subintervals. The
obtained numerical results for this problem are given in Table
2. The maximum absolute error obtained by the proposed
method is 6.532669x10°.

(24)

Table 2: Numerical results for Example 2

X Absolute error by the
proposed method
0.1 1.128763E-05
0.2 1.668930E-06
0.3 4.512072E-05
0.4 2.625585E-05
0.5 6.532669E-05
0.6 2.828240E-05
0.7 4.631281E-05
0.8 4.649162E-06
0.9 8.195639E-06

Example 3: Consider the nonlinear boundary value problem

YO 4 24g5r =

(1+x)5’ 0<x<1

(25)

subject to

y(0)=0,y@)=In2, y'(0) =1 y'(1) =0.5, y"(0) =-1.
The exact solution for the above problemis Yy =In(1+ X).
The nonlinear boundary value problem (25) is converted into a
sequence of linear boundary value problems generated by
quasilinearization technique [14] as

yg?ﬂ) —120e >y 48 120y(n)e’5y<“>

domain [0, 1] is divided into 10 equal subintervals. The (n+1) = (1+x)° - (26)
obtained numerical results for this problem are given in Table Sy

1. The maximum absolute error obtained by the proposed —24e ,n=012,..

method is 2.366304x10°. subject to
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y(n+1) (0) = 01 y(n+1) (1) = In 21 y(,n+1) (O) :11
y(’n+1) »=0.5, y(’r’1+1) 0)=-1.
Here Y,y is the(n +1)™ approximation for y(X). The

domain [0, 1] is divided into 10 equal subintervals and the
proposed method is applied to the sequence of linear problems
(26). The obtained numerical results for this problem are
presented in Table 3. The maximum absolute error obtained by
the proposed method is 3.463030x10°.

Table 3: Numerical results for Example 3

« Absolute error by the
proposed method
0.1 1.557171E-06
0.2 5.826354E-06
0.3 6.437302E-06
0.4 2.211332E-05
0.5 2.393126E-05
0.6 3.463030E-05
0.7 2.324581E-05
0.8 2.026558E-05
0.9 3.814697E-06

Example 5: Consider the nonlinear boundary value problem
y(5) +[yr]2e4y _4y2ey” + eZX[ym]Z

=32, 0<x<1

subject to

y(0)=1 y@)=e? y'(0)=-2 y@=-2¢7y"(0) =4
The exact solution for the above problemis y = e,

The nonlinear boundary value problem (27) is converted into a
sequence of linear boundary value problems generated by
quasilinearization technique [14] as

(®)
y(n+1) +2e

(27)

2X 11\ 10

2 Yin) \, 1"
Y Yonsy = 4Y 8" Yine
' 12 A4Yn Y(n
Yo [4Ym® ™" —8Yme™ IV

=32e " +eMy P-4y, e’ 1+ Y,

+y e L+ 4y,), n=012,..
subject to
Yo 0 =0, Yy (0) =2, Yp O =7
Yoy =267, Yinpy(0) = 4.
Here Y., is the (N +1)™ approximation for Y(X). The

domain [0, 1] is divided into 10 equal subintervals and the
proposed method is applied to the sequence of linear problems
(28). The obtained numerical results for this problem are
presented in Table 4. The maximum absolute error obtained by
the proposed method is 8.052588x10°.

+2y(,,e"

(28)

Table 4: Numerical results for Example 4

X Absolute error by the
proposed method
0.1 3.993511E-06
0.2 2.473593E-05
0.3 4.440546E-05
0.4 6.681681E-05
0.5 8.052588E-05
0.6 7.990003E-05
0.7 6.411970E-05
0.8 4.020333E-05
0.9 1.385808E-05

7. Conclusions

In this paper, we have employed a Petrov-Galerkin method
with quintic B-splines as basisfunctions and septic B-splines as
weight functions to solve fifth order boundary value problems
with special case of boundary conditions. The quintic B-spline
basis set has been redefined into a new set of basis functions
which vanish on the boundary where the Dirichlet boundary
conditions are prescribed. The septic B-splines are redefined
into a new set of weight functions which in number match the
number of redefined set of basis functions. The proposed
method has been tested on two linear and two nonlinear fifth
order boundary value problems. The numerical results obtained
by the proposed method are in good agreement with the exact
solutions available in the literature. The strength of the
proposed method lies in its easy applicability, accurate and
efficient to solve fourth order boundary value problems.
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