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Abstract

In this article, we develop some important results relating to the concepts of triple derivation and Jordan
define triple derivation and Jordan triple derivation of gamma rings. Through every triple derivation of a
gamma ring M is obviously a Jordan triple derivation of M, but the converse statement is in general not true.
Here we prove that every Jordan triple derivation of a 2-torsion free prime gamma ring is a derivation.
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Introduction

Let M and I" be additive abelian groups. M is said
to be a r-ring if there exists a mapping Mx
I'xM—M (sending (x,0,y) into xay) such that

(@) (xty)oz=xoztyaz
x(0FB)y=xay+xPy
xo(y+z)=xay+xo0z

(b) (xay)Bz=xa(ypz)
Forallx,yzeMando,BET.

A subset A of a r-ring M is a left (right) ideal of
M if A is an additive subgroup of M and M
F'A={m a a: me M, o€ I" and ae A}, (ATM) is
contained in A. An ideal P of a r-ring M is prime
if P£M and for any ideal A and B of M, ATMcP,
then AcP or BcP. M is prime if al MI'b=0 with
a,beM, implies either a=0 or b=0. M is 2-torsion
free if 2m=0, for meM implies m=0.

Let R be an associative ring. An additive mapping
d: R—R is called a Triple derivation if

d(abc)=d(a)bc + ad(b)c + abd(c)

and Jordan Triple derivation if d(aba)=d(a)ba +
ad(b)a + abd(a).

It is clear that every triple derivation is a jordan
triple derivation but the converse is not in general
true.

Bell and Koppe [2] worked on triple derivations
and developed some remarkable fruitful result on
the classical rings. They also prove that every
Jordan triple derivation is a derivation if R is a 2-
torsion free prime ring.

M. Bresar [3] worked on Jordan triple derivations
of semiprime rings and he proved that if R is a 2-
torsion free semiprime ring, then every Jordan
triple derivation is a derivation.
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We Jing and Shijie [6] defined generalized Jordan
triple derivation. They showed that every
generalized Jordan triple derivation is a
generalized derivation.

N. Nobusawa [5] was first introduced the notion
of gamma ring. The gamma ring due to N.
Nobusawa is now denoted by Iy-ring. Next
Barnes [1] generalized it and gave the above
definition. It is clear that every ring is a gamma
ring.

M. Sapanci and A. Nakajima [4] worked on
Jordan derivation on completely prime gamma
rings. They prove that every Jordan derivation on
a two torsion free completely prime gamma rings
IS a derivation.

In this paper, we define triple derivation and
Jordan triple derivation of a gamma ring. We give
an example of triple derivation and Jordan triple
derivation for gamma rings. We also prove that
every Jordan triple derivation is a derivation if it is
a two torsion free prime I'-ring.

2 Jordan triple derivation
Let M be a I' ring, An additive mapping d: M—M
is called a triple derivation if d(aabfc)=d(a)abpc

+ aad(b)Bc + aabBd(c) for every a,b,c € M and a,
BeT.

An additive mapping d: M—M is called a Jordan
triple derivation if d(aabBa)=d(a)abPa 4+ aad(b)pa
+aobpd(a) foreveryab,ceManda,p€ET.

It is clear that every triple derivation is a jordan

triple derivation. But every Jordan triple
derivation is not in general a triple derivation.

Now we give the following examples:
2.1 Example

Let R be an associative ring with unity element 1.
Let M =M, ,(R) and

r={(";"), n€Z)}. Then M is a I-ring. Let d:
R—R be a derivation. Now  define
D((x,y))=(d(x),d(y)). Then we show that D is a
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triple derivation associated to jordan derivation d.
For this, let a=(x; ,y1), b=(x2 ,¥,), c=(x3 ,y3),
a=("1), p=("2"). We have to prove that
D(aabBc)=D(a)abpc + aaD(b)Bc + aabBfD(c). Now
we have
aobBc=(x;n1 XM, X3, X N XN, Y3 ). So
D(aobBe)=(d(xx1ny x212x3 ), d( X111 x215Y3)).
Similarly, we get D(a)obPc + aaD(b)Bc -+
aobBD(c)= (d(x1nyx2n2x3 ), d( X1y X2M2Y3 ).

2.2 Example

Let M be a I'-ring defined as an example 2.1. Let
N ={(X, X) : XxeM}. Then N is a I'-ring contained
in M. Let d be a derivation given in example 2.1.
Define D: N—N by D((x,x))=(d(x),d(x)). Then we
show that D is a Jordan triple derivation. Note that
it is not a triple derivation.

To show this, let a=(x, X), b=(y, y), o=("1"),
[3:("3'1) . We have to prove D(aabBa)=D(a)abpa
+ aaD(b)pa + aobpPD(a). Now we have
aabPa=(xn,yn,x, xn,yn,y)

So  D(aobBa)=(d(xn;yn,x), d(xnyyn,y) ).
Similarly, we get D(a)obpfa + aaD(b)Pa -+
aabPD(a)= (d(xn,yn,x), d( xn, yn,x)).

Now we prove some lemma which are essential to
prove our main theorem.

Lemma 2.1 : Let M be a I'-ring and d be a Jordan
triple derivation of a I'-ring M. Then for all a,b,c €
M d(aobBc + cabPa) = d(a)abBc + d(c)abPa +
aad(b)Bc + cad(b)Ba + aabBd(c)+ cabBd(a).

Proof: Computing d((a + c)obp(atc)) and
canceling the like terms from both sides, we prove
the lemma.

Definition 1: Let M be a I'-ring. Then for all a, b,
ceM and a, B € I" we define

[a, b, C],, p= acbPc-cabpa.

Lemma 2.2 : If M is a I'-ring, then for all a, b, ¢
eMand ao,Bel

(1) [a, b, €], ptlc, b, a], =0
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(2) [atc, b, d]o, g=[a, b, d]s, s +[c, b, d]o,
(3) [a, b, c +d],, s=[a, b, Clo, p+[a, b, dlo,p
(4) [a, b+d, c]o, p=[a, b, c]o, s +[a, d, C]o p
(5) [a, b, closp,y=[a, b, C]a,y +[a, b, Clp, ¢
(6) [a, b, c]q, p+y=[a, b, d]o, p+[a, b, Clo, y

Proof : Obvious

Definition 2 : Let d be a Jordan triple derivation
of al-ring M. Then forall a,b,ceM and o, B e T’

we define G, g(aabfc)= d(aabfc) - d(a)abPc -
aad(b)Bc -aabpd(c) .

Lemma 2.3 : Let d be a Jordan triple derivation of
aI'-ring M. Then for all a, b,ceM and a, B € T,
we have

(1) Gg, p(aabPc) + Gq, p(cabPa) =0

(2) G, p((atc)abBd)= G, p(aabBd) + G,
p(cabpd)

(3) Gg, p(aabP(c +d))= G, p(aabfc) + Gq,
p(aabpd)

(4) G, p(ao(b +c)Bd)= G, p(aabBd) + Gq,
p(aacfd)

(5) Gusp, y(aabBe) =
(aabpc)

(6) Go, p(acbfe) =
(aabfc)

Proof : Obvious

Gy, y(aobBc) + Gg,

Gq, p(aobBc) + G,

Lemma 2.4 : If M is a I'-ring, then

G, p(aabBc)yxd[a, b, c]q, g +[a, b, Clq, p YX6
G., p(aabBc)=0 forallxeMandy,del’

Proof : First we compute d(aa(bPcyxdcab)pa +
ca(bpayxdaob)Bc ) by using the definition of
Jordan triple derivation we get d(a)abfcyxdcabfa

+ aad(b)BcyxdcabPa + aabPd(c)yxdcabfa +
aobfcyd(x)dcabPa +  aaobPcyxdd(c)abfa  +
aobfcyxdcad(b)pa  + aa(bPcyxocabfd(a) +
d(c)abPayxdaabfc +  cod(b)Bayxdaabfc  +
cabfd(a)yxdaabfc +  cobPayd(x)éaabfc  +
cabfayxdd(a)abfc  +  cobPayxdaad(b)pc  +

cabBayxdaabfd(c). On the other hand, we have
d((aobBc)yxd(cabBa) +(cabfa)yxd(aabfc)) and
using lemma 2.1, we get d(aabfc)yxdcabfa +
d(cabBa)yxdaabBc +  aabBcyd(x)dcobPfa  +
cabBayd(x)daabfc  +  aobPcyxdd(cabfa) +
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cabPayxdd(aabfc). Since these two are equal,
cancelling the like terms from both sides of this
equality and rearranging them,we get

G, p(aobBc)yxd[a, b, clq g +[a, b, C]a, p yx0
G,, p(aobBc)=0

Lemma 2.5 : If M is a prime I"-rings, then
the following is true

(1) If 1 and J are non zero left (or right)
ideals of M, then | I'J£0.

(2) If 1'is a non zero left (or right) ideal of
M, then Ann;(1)=0 (respectively,
Ann,.(1)=0).

Proof: For all 0#xel and 0#yelJ, then we have
0AI'MIYTITMIJcITd ( since IT'Mcl). Since
I'TM is a non zero ideal of M and 0=Ann;(l)
I'(ITM)= Ann; (1) TI'M cAnn;(1) TMI'M. Since
M is prime, we have Ann,;(1)=0.

Lemma 2.6 : let M be a 2-torsion free semiprime
I'-ring and suppose that a, b eM. If al'mI'b +
bI'mI"a = 0 for all m € M, then either a = 0 or b=0.

Proof : Since aomfb+bamPa=0 for all o,fel.
Putting pyadq by m we get 2aapybdqpfa=0. Since
M is a 2-torsion free, then aapybdqPa=0 for all
p,geM if a#0, then MTI'a is a non zero left ideal.
Hence by the above lemma we get al MI'b=0, for
which it yields b=0.

Lemma 2.7 : Let M is a 2-torsion free prime I'-
ring. Then for all a, b, ¢, XeM and a, B, v, 6 € I
Then G, g(aabBc)=0 or [a, b, ], =0 -

Proof : From lemma 24 we get G,
p(aabPe)yxd[a, b, clo, p *+[a, b, Clo, g Y6 Gq
p(aabPBc)=0. Now by above lemma, we get G,
p(aobBc)=0 or [a, b, c],, 3 =0.

Now we have the position to prove our main
theorem

Theorem 2.1 : Let M is a 2-torsion free prime I'-
ring, then every Jordan triple derivation is a triple
derivation.

Proof : By lemma 2.7, we have G, g(aabfc)=0 or
[a, b, c]q, g =0.
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Case 1: Suppose [a, b, c],, =0, then aabpc=cabpa.

Therefore from lemma 2.1, d(aabfc)=d(a)abfc +
aad(b)Bc + aabPd(c) i.e. Jordan triple derivation is
a triple derivation.

Case 2: Suppose G, p(aabBc)=0 then
d(aobBc)=d(a)abPc + aad(b)fc + aabfd(c). i.c.
Jordan triple derivation is a triple derivation.

Theorem 2.2 : Any Jordan triple derivation of a
2-torsion free prime I'-ring is a derivation.

Proof : Consider w=d(aa(byxda)ab)
= d(a)abyxodaab + aad(byxda)ab + aabyxdaad(b)

= d(a)abyxdaab + aad(b)yxdaab + aabyd(x)daab
+ aabyxod(a)ab + aabyxdaad(b)

Again w= d((aab)yxd(aob))= d(aab)yxdaab -+
aabyd(x)daab + aabyxod(aab)

Comparing the two expression we obtain (d(aab)
—d(a)ab-aad(b)) yxdaab+aab yxd(d(aab) —d(a)ab-
aad(b))=0. Again by primeness of M , d(aab) —
d(a)ab-aad(b)=0, i.e. d is derivation.
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